CONTENTS

Finite Difference Operators and Boundary Conditions for Overture
User Guide, Version 1.00

Bill Henshaw

Centre for Applied Scientific Computing
Lawrence Livermore National Laboratory
Livermore, CA, 94551
henshaw@linl.gov
http://www.lInl.gov/casc/people/henshaw
http://www.lInl.gov/casc/Overture

November 5, 2003

UCRL-MA-132232

Abstract: We describe some finite difference operators and boundary conditions for use with the
Overture grid functions. Second and fourth order accurate approximations are available for general
curvilinear grids. For rectangular periodic domains the pseudo-spectral approximations are also available.
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1 Introduction

We describe some finite difference operators and boundary conditions for use with the Overture grid
functions. The derivative operators allow one to take first and second order derivatives (0, 0y, 0, Oz, Oy
etc.) with second order, fourth order or spectral accuracy. (Spectral accuracy is for rectangular periodic
domains only). The derivative operators can also be used to generate the matrix (9 point stencil, for
example) corresponding to a derivative operator. These “coefficient” operators can be used to generate a
sparse matrix.

The boundary condition operators define a “library” of elementary boundary condition operations that
can be used to implement application specific boundary conditions. Examples of elementary boundary
conditions include Dirichlet, Neumann and mixed conditions, extrapolation, setting the normal component
of a vector and so on. A solver can apply one or more elementary boundary conditions to the different
sides of a grid.

The class MappedG i dOper at or s defines operators for differentiating MappedGridFunction’s and
operators for applying boundary conditions to MappedGridFunction’s.

The classes Gri dCol | ecti onOperators, ConpositeG i dQperators and Mul tigrid-
Conposi t eG i dOper at or s use the operators in the class MappedG i dOper at or s (or a class
derived there-of) to define differential and boundary condition operators for Gri dCol | ecti on’s,
ConpositeGid’sandMul tigri dConpositeGid’s.

The MappedG i dOper at or s class can be used to compute spatial derivatives of ar eal Mapped-
Gri dFuncti on including all first and second order derivatives with respect to z, y and z.

This class can also be used to define boundary conditions and to evaluate the boundary conditions.

There may be one or more “flavour” of this class. One flavour will define derivatives in the “standard”
finite difference manner using the “mapping method”. Another flavour will define derivatives using a finite
volume approach. Yet other flavours can be defined (by derivation from this class).

The grid function classes r eal MappedG i dFuncti on and r eal Conposi t eG i dFuncti on
have member functions for differentiation and applying boundary conditions. A MappedG i dFunc-
t i on has a pointer to an object of the MappedG i dOper at or s class. It uses this object to perform the
differentiation or to apply boundary conditions. To use a different “flavour” of differentiation one must
tell the grid function using the set MappedG i dOper at or s member function. Similarly a Gri d-
Col | ecti onFuncti on has a pointer to a Gri dCol | ecti onQper at or s and a CGF has a pointer
toa Conposi t e i dOper at or s.

Documentation can be found on the Overture home page, http://ww. | | nl . gov/ casc/ -
Over t ur e, and includes the following documents that may be of interest

e A++ Quick Reference Card : A++P++/ DOCS/ Qui ck _Ref er ence_Car d. t ex

A primer for Overture[9].

Grid and grid function documentation[3].

Finite difference operators and boundary conditions[2].

Finite volume operators [1].

Mapping class documentation [4].

Show file documentation [7].

Interactive plotting[8].
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e Oges “Equation Solver” documentation [6].
e Interactive grid generation documentation [5].
e The other stuff documentation[10].

e The OverBlown Navier-Stokes flow solver [12][11].

1.1 Differentiation

A number of different approximations are provided for a variety of differential operators. Given a vector-
valued grid-function u, one may evaluate the first derivatives:

ou Ou Ou
dr’ Ay’ 0z
second-derivatives:
P 0Pu  Pu O%u 0*u 0%u
Ox?’ Oy?’ 0227 0x0y’ O0x0z Oyoz
as well as other second-order operators:

0%u N 0%u N d%u
or?  oy? 022

0 ou 0 ou 0 ou
V- ($(0V) = 65 + 5 (6050 + 560 5

0 ou 0 ou 0 ou ) ou
e 05p) g7 FECIFD) . Gz

Au =

There are second-order, fourth-order, sixth-order and eight-order accurate approximations. For many
operators there are conservative (finite-volume) and non-conservative approximations.

There are a number of different ways to evaluate derivatives of a grid function.
e Use the member function found in the MappedG i dOper at or s object.
e Use the member function found in the r eal MappedG i dFuncti on

e Use the member function found in the r eal Conposi t eG i dFuncti on

e Use the member function get Deri vat i ves found in the MappedG i dQper at or s class to
evaluate a set of derivatives all at once. This is more efficient than the previous approaches.

e Use the function deri vat i ve to directly compute the derivative. This is more efficient than the
previous approaches.

Currently the most natural way is not the most efficient because it involves extra computation and extra
data movement. All of these approaches are illustrated in the examples that follow.
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2 Class MappedGridOperators

2.1 Public member function and member data descriptions
2.1.1 Public enumerators

Here are the public enumerators:

derivativeTypes: This enumerator contains a list of all the derivatives that we know how to evaluate

enum derivativeTypes

{
xDerivative,
yDerivative,
zDerivative,
xxDerivative,
xyDerivative,
xzDerivative,
yxDerivative,
yyDerivative,
yzDerivative,
zxDerivative,
zyDerivative,
zzDerivative,
laplacianOperator,
rilDerivative,
r2Derivative,
r3Derivative,
rirlDerivative,
rir2Derivative,
rir3Derivative,
r2r2Derivative,
r2r3Derivative,
r3r3Derivative,
gradient,
divergence,
divergenceScalarGradient,
scalarGradient,
identityOperator,
vorticityOperator,
xDerivativeScalarXDerivative,
XxDerivativeScalarYDerivative,
yDerivativeScalarYDerivative,
yDerivativeScalarZDerivative,
zDerivativeScalarZDerivative,
divVectorScalarDerivative,
numberOfDifferentDerivatives // counts number of entries in this list

};

BCNames: This enum (which for technical reasons is in the BCTypes Class, NOT the MappedGridOper-
ators) defines the different types of elementary boundary conditions that have been implemented:

enum BCNames

{
dirichlet,
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neumann,
extrapolate,

normalComponent,

mixed,

generalMixedDerivative,

normalDerivativeOfNormalComponent,

normalDerivativeOfADotU,

abotu,

aDotGradu,

evenSymmetry,

vectorSymmetry,

TangentialComponentO,

TangentialComponentl,

normalDerivativeOfTangentialComponentO,

normalDerivativeOfTangentialComponentl,

numberOfDifferentBoundaryConditionTypes // counts number of entries in this lis

};

2.1.2 Constructors

MappedGridOperators()
MappedGridOperators( MappedGrid & mg )

Description: Construct a MappedGridOperators
mg (input): Associate this grid with the operators.

Author: WDH

2.1.3 Derivatives X,y,z,XX,Xy,Xz,yy,yz,zz laplacian,grad,div

MappedGridFunction
”derivative”(const realMappedGridFunction & u,
const Index & 10 =nullindex ,
const Index & 11 =nullindex ,
const Index & 12 =nullindex ,
const Index & 13 =nullindex ,
const Index & 14 =nullindex ,
const Index & 15 =nullindex ,
const Index & 16 =nullindex ,
const Index & 17 =nullindex

)

Description: “derivative” equals one of X, y, z, XX, Xy, Xz, VY, Yz, zz, laplacian, grad, div.
u (input): Take the derivative of this grid function.
10,11,13 (input): evaluate the derivatives at these points.

14 (input) : evaluate the derivative for these components, by default all components.
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Return value: The derivative is returned as a new grid function. For all derivatives but gr ad and di v
the number of components in the result is equal to the number of components specified by 14 (if 14
not specified then the result will have the same number of components as u). The gr ad operator
will have number of components equal to the number of space dimensions while the di v operator
will have only one component.

2.1.4 Derivative Coefficients

MappedGridFunction

”derivativeCoefficients”(const Index & 10 =nullindex ,
const Index & 11 =nullindex ,
const Index & 12 =nullindex ,
const Index & 13 =nullindex ,
const Index & 14 =nullindex ,
const Index & 15 =nullindex ,
const Index & 16 =nullindex ,
const Index & 17 =nullindex

)

Description: derivativeCoefficients” equals one of xCoefficients, yCoefficients, zCoefficients, xxCoef-
ficients, xyCoefficients, xzCoefficients, yyCoefficients, yzCoefficients, zzCoefficients, laplacianCo-
efficients, gradCoefficients, divCoefficients, identityCoefficients. Compute the coefficients of the
specified derivative.

10,11,... (input): determine the coefficients at these points.

return Value: The derivative coefficients.

215 get

int

get( const GenericDataBase & dir, const aString & name)
Description: Get from a database file

dir (input): get from this directory of the database.

name (input): the name of the grid function on the database.

2.1.6 getFourierOperators

FourierOperators*
getFourierOperators(const bool abortIfNull =TRUE) const

Description: Return a pointer to the Fourier operators used by this class to perform pseudo-spectral
derivatives. NOTE: This pointer will not be assigned until the first derivative operation is applied.

abortIfNull (input) : by default this routine will abort if the pointer is null
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217 put

int

put( GenericDataBase & dir, const aString & name) const
Description: output onto a database file

dir (input): put onto this directory of the database.

name (input): the name of the grid function on the database.

2.1.8 setOrderOfAccuracy

void
setOrderOfAccuracy( const int & orderOfAccuracy0 )

Description: set the order of accuracy

orderOfAccuracyO (input): valid values are 2 or 4 or MappedGridOperators::spectral. Choosing spec-
tral means that derivatives are computed with the pseudo-spectral method. This is only valid for
rectangular periodic grids.

2.1.9 setStencilSize

void
setStencilSize(const int stencilSize0)

Description: Indicate the stencil size for functions returning coefficients

2.1.10 setTwilightZoneFlow

void
setTwilightZoneFlow( const int & twilightZoneFlow0 )

Description: Indicate if twilight-zone forcing should be added to boundary conditions

twilightZoneFlowO (input): if TRUE then add the twilight-zone forcing (see also setTwilightZoneFlow-
Function and the section on boundary conditions)

2.1.11 isRectangular

bool
isRectangular()

Description: Return true if the grid is rectangular
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2.1.12 updateToMatchGrid

void
updateToMatchGrid( MappedGrid & mg)

Description: associate a new MappedGrid with this object
mg (input): use this MappedGrid.

Notes: perform computations here that only depend on the grid

2.1.13 updateToMatchGrid

void
updateToMatchUnstructuredGrid( MappedGrid & mg )

Description: associate a new unstructured MappedGrid with this object
mg (input): use this MappedGrid.

Notes: perform computations here that only depend on the grid

2.1.14 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Return size of this object

2.1.15 setTwilightZoneFlow

void
setTwilightZoneFlow( const int & twilightZoneFlow_)

Description: Indicate if twilight-zone forcing should be added to boundary conditions

twilightZoneFlow_ (input): if 1 then add the twilight-zone forcing to all boundary conditions except for
extrapolation. If 2 then also add to extrapolation. (see also setTwilightZoneFlowFunction and the
section on boundary conditions)

2.1.16 setTwilightZoneFlowFunction

void

setTwilightZoneFlowFunction( OGFunction & twilightZoneFlowFunctionO )

Description: Supply a twilight-zone forcing to use for boundary conditions

twilightZoneFlowFunctionO (input): use this class for twilight-zone forcing (see also setTwilightZone-
Flow and the section on boundary conditions)
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2.1.17 useConservativeApproximations
void
useConservativeApproximations(bool trueOrFalse = TRUE)

Description: Indicate whether to use the conservative approximations to the operators di v, | apl a-
ci an, di vScal ar G ad and scal ar G ad and correspoding boundary conditions

trueOrFalse (input): TRUE means use conservative approximations.

2.1.18 usingConservativeApproximations

bool
usingConservativeApproximations() const

Description: Return TRUE if we are using conservative approximations.

2.1.19 setAveragingType

void
setAveragingType(const AveragingType & type)

Description: Set the averaging type for certain operators such as di vScal ar Grad. The default is
arithmeti cAver age. The har noni cAver age is often used for problems with discontinuos
coefficients. Recall that

. . b
arithmetic average = a;
. 2 2ab
harmonic average = +—— =
2 + b a -+ b

type (input) : oneof ari t hneti cAver age or har noni cAver age.

2.1.20 getAveragingType

AveragingType
getAveragingType() const

Description: Return the current averaging type.

2.1.21 isRectangular

bool
isRectangular()

Description: Return true if the grid is rectangular
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2.1.22 finishBoundaryConditions

void
finishBoundaryConditionsOld(realMappedGridFunction & u,
const BoundaryConditionParameters & bcParameters =
Overture::defaultBoundaryConditionParameters(),

const Range & CO =nullRange)

Description: Call this routine when all boundary conditions have been applied. This function will update
periodic edges and fix up the solution values in the ghost points outside corners which are not
assigned by appl yBoundar yCondi ti on (i.e. the ghost points that lie outside the corners in
2D or the ghost points that lie outside the edges and the vertices in 3D). This routine wil also
fill in extrapolation equations at ghost points that correspond to interpolation points on physical
boundaries.

More precisely,

1. Firstcall u. peri odi cUpdat e() to assign values to si de=1 boundary lines
iayis = mg.gridIndexRange()(1, axis) axis = 0,1, .., mg.number0fDimensions

(mg is the MappedG i d associated with the grid function u) as well as all ghost lines on all
sides that have periodic boundary conditions.

2. Extrapolate corner ghost points which are not assigned by step 1 using extrapolation to order
bcParameters.orderOfExtrapolation (orderOfAccuray+1)

¢ In 2D extrapolate the corner ghost points along the diagonal. For example, if
bcParameters.orderOfExtrapolation = 3 (defaultfor2ndorderaccuracy)
then the value at the lower left corner ghost point
(i1,19) = (mg.indexRange()(Start, axisl) — 1, mg.indexRange()(Start, axis2) — 1)
will be given by
w(iy, in) = 3u(iy + 1,ip + 1) — 3u(iy + 2,45 + 2) + u(iy + 3,4 + 3)

If there are two ghost lines then also assign points (i, — 1,43),(i1,42 — 1),(¢; — 1,45 — 1).
And so on, if there are more than 2 ghost lines.

e In 3D extrapolate the ghost points next to edges and the ghost points next to vertices.
Obtain values by extrapolating into the interior as much as possible.

3. extrapolate ghost points that lies outside of interpolation points on the physical boundary,
mg.boundaryCondition(side,aixs)¢0.

For  even more  details  you can look at the code in Over -
ture/ G i dFunction/ Generi cMappedG i dOperators. C

Note: When applied to a coefficient matrix the above operations will generate new equations in the
coefficient matrix rather than be applied directly to the grid function.

u (input/output): Grid function to which boundary conditions were applied.

bcParameters (input): Supply parameters such as bcParameters.orderOfExtrapolation which indicates
the order of extrapolation to use.

CO (input) : apply to these components
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2.1.23 divScalarGrad

realMappedGridFunction
divScalarGrad( const realMappedGridFunction & u,
const realMappedGridFunction & scalar,
const Index & 11_,
const Index & 12,
const Index & 13_,
const Index & 14_,
const Index & 15_,
const Index & 16_,
const Index & 17_,
const Index & 18.)

Description: Evaluate the derivative V - (scalarVu).
u (input):
scalar (input) : The coefficient appearing in the derivative expression.

Author: WDH

2.1.24 scalarGrad

realMappedGridFunction
scalarGrad( const realMappedGridFunction & u,
const realMappedGridFunction & scalar,
const Index & 11_,
const Index & 12,
const Index & 13_,
const Index & 14_,
const Index & 15_,
const Index & 16_,
const Index & 17,
const Index & 18.)

Description: Evaluate the derivative scalarVu.
u (input):
scalar (input) : The coefficient appearing in the derivative expression.

Author: WDH

2.1.25 derivativeScalarDerivative

realMappedGridFunction

derivativeScalarDerivative( const realMappedGridFunction & u,
const realMappedGridFunction & scalar,
const int & directionl,

14
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const int & direction2,
const Index & 11_,
const Index & 12_,
const Index & 13_,
const Index & 14_,
const Index & 15_,
const Index & 16_,
const Index & 17_,
const Index & 18.)

Description: Evaluate the derivative

(scalar u)

8xdirectionl aXdirectionQ

u (input):
scalar (input) : The coefficient appearing in the derivative expression.

directionl,direction2 (input) : specify the derivatives to use.

2.1.26 divVectorScalar

realMappedGridFunction
divVectorScalar( const realMappedGridFunction & u,
const realMappedGridFunction & s,
const Index & 11,
const Index & 12,
const Index & 13,
const Index & 14,
const Index & 15,
const Index & 16,
const Index & 17,
const Index & 18)

Description: Evaluate the divergence of a known vector times the dependent variable u:

V- (Su)

u (input):

s (input) : The coefficient appearing in the derivative expression, number of components equal to the
number of space dimensions.

2.1.27 setNumberOfDerivativesToEvaluate

void
setNumberOfDerivativesToEvaluate( const int & numberOfDerivatives )

Description: Specify how many derivatives are to be evaluated
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numberOfDerivatives (input): Indicate how many derivatives that you want to evaluate in the call to
get Deri vati ves.

Author: WDH

2.1.28 setDerivativeType

void
setDerivativeType(const int & index, const derivativeTypes & derivativeType0,
RealDistributedArray & ux1x2)

Description: Specify which derivative to evaluate and provide an array to save the results in.

index (input): Specify this derivative. 0 < inder < numberOfDerivatives where num
ber O Deri vat i ves was specified with set Nunber O Der i vat i vesToEval uat e.

derivativeTypeO (input): indicates which derivative to evaluate, from the enum der i vati veTypes.

ux1x2 (input): Here is the array that the function get Der i vat i ves will save the derivative in. This
class keeps a reference to the array ux1x21. This array will be automatically be made large enough
to hold the result.

Author: WDH

2.1.29 getDerivatives

void
getDerivatives(const realMappedGridFunction & u,
const Index & 11_=nullIndex,
const Index & 12_=nullIndex,
const Index & 13_ =nullIndex,
const Index & N =nullIndex,
const Index & Evaluate =nullindex)

Description: This is an efficient way to compute derivatives. Compute the derivatives of u that were
specified with set Nunber O Der i vat i vesToEval uat e and set Deri vati veType.

u (input): Compute the derivatives of this grid function.

11,12,13 (input): evaluate the derivatives at these coordinate Index values (by default evaluate at as many
points as is possible; for second-order discretization all points but the last ghost line are evaluated,
for fourth order all points but the 2 last ghostlines are evaluated).

N (input): Evaluate the derivatives of these components of u (by default all components are evaluated).

Evaluate (input): evaluate this subset of the derivatives. The derivatives to be evaluated are numbered
from 0,1,2,... For example, suppose you used setDerivativeType to specify:

set DerivativeType(0, MappedG i dOperators: : xDerivative, ux);
set DerivativeType(1l, MappedG i dOperators: :yDerivative, uy);
set DerivativeType(2, MappedG i dOperat ors: : xxDeri vati ve, uxx) ;
setDerivativeType(3, MappedG i dOperators::yyDerivative, uyy);
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If you only want to evaluate the second derivatives you can choose Eval uat e=I ndex( 2, 2) to
only evaluate derivatives 2 and 3.

Notes: This is an efficient way to compute many derivatives because computations can be shared This
routine first computes u.r, u.s, [u.t] for efficiency

**WARNING** on each call to getDerivatives, the arrays used to hold the results will be redimen-
sioned if the new results do not fit into the existing array (not just the size but the (base,bound) values
for each dimension). Thus if you call get Der i vat i ves in consecutive statements with different
values for N and Evaluate, then the results from the first call may be destroyed if the arrays were not
big enough. You can either explicitly dimension the arrays to be large enough or else initially call
getDerivatives with the default values for N and Evaluate so the arrays are dimensioned to be full
size.

2.1.30 divScalarGradCoefficients

realMappedGridFunction
divScalarGradCoefficients(const realMappedGridFunction & scalar,
const Index & 11_ = nullIndex,
const Index & 12_ = nullindex,
const Index & 13_ = nullIndex,
const Index & 14_ = nullIndex,
const Index & 15_ = nullIndex,
const Index & 16_ = nullIndex,
const Index & 17_ = nullIndex,
const Index & 18_ = nullindex)

Description: Form the coefficient matrix for the operator V - (scalarV).
scalar (input) : coefficient that appears in the operator.

Author: WDH

2.1.31 derivativeScalarDerivativeCoefficients

realMappedGridFunction
derivativeScalarDerivativeCoefficients(const realMappedGridFunction & scalar,
const int & directionl,
const int & direction2,
const Index & 11 = nullIndex,
const Index & 12 = nullindex,
const Index & 13 = nullIndex,
const Index & 14 = nullIndex,
const Index & 15 = nulllndex,
const Index & 16 = nulllndex,
const Index & 17 = nullindex,
const Index & 18 = nulllndex)
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Description: Form the coefficient matrix for the operator

(scalar u)

8I directionl a Xdirection2

scalar (input) : coefficient that appears in the operator.

directionl,direction2 (input) : specify the derivatives to use.

2.1.32 scalarGradCoefficients

realMappedGridFunction
scalarGradCoefficients(const realMappedGridFunction & scalar,
const Index & 11_ = nullIndex,
const Index & 12_ = nullIndex,
const Index & 13_ = nullindex,
const Index & 14_ = nullIndex,
const Index & 15_ = nullIndex,
const Index & 16_ = nullindex,
const Index & 17_ = nullIndex,
const Index & 18_ = nulllndex)

Description: Form the coefficient matrix for the operator scalarV.
scalar (input) : coefficient that appears in the operator.

Author: WDH

2.1.33 divVectorScalarCoefficients

realMappedGridFunction
divVectorScalarCoefficients(const realMappedGridFunction & s,
const Index & 11_ = nullindex,
const Index & 12_ = nullindex,
const Index & 13_ = nullindex,
const Index & 14_ = nullindex,
const Index & 15_ = nullindex,
const Index & 16_ = nullIndex,
const Index & 17_ = nullindex,
const Index & 18_ = nullindex)

Description: Form the coefficient matrix for the operator V - (S).

s (input) : The coefficient appearing in the derivative expression, number of components equal to the
number of space dimensions.
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2.1.34 applyBoundaryCondition

void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType = BCTypes::dirichlet,
const int & bc = BCTypes::allBoundaries,
const real & forcing =0.,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const RealArray & forcing,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const RealArray & forcing,
realArray *forcinga[2][3],
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

Description: If forcinga[side][axis] !=NULL then use this array, otherwise use forcing.

void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const RealArray & forcing,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)
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void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const RealDistributedArray & forcing,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

Description: This version takes a distributed array as forcing (only used in parallel).

void
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const realMappedGridFunction & forcing,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

Description: Apply a boundary condition to a grid function. This routine implements every boundary
condition known to man (ha!)

u (input/output): apply boundary conditions to this grid function.
Components (input): apply to these components
bcType (input): the name of the boundary condition to apply (dirichlet, neumann,...)

bc (input): apply the boundary condition on all sides of the grid where the boundaryCondition array (in
the MappedGrid) is equal to this value. By default bc=BCTypes al | Boundari es apply to
all boundaries (with a positive value for boundaryCondition). To apply a boundary condition to a
specified side use

e bc=BCTypes: : boundar y1 for (side, aris) =
e bc=BCTypes: : boundar y2 for (side, aris) =

(
(
bc=BCTypes: : boundar y3 for (side, axis) = (
(
(

( )

( )

( )

e bc=BCTypes: : boundar y4 for (side, azxis) =

e bc=BCTypes: : boundar y5 for (side, azis) =
( )

e bc=BCTypes: : boundar y6 for (side, axis) = (1,

or use bc=BCTypes: : boundar y1+si de+2*axi s for given values of (side, azis) (this could
be used in a loop, for example).

forcing (input): This value is used as a forcing for the boundary condition, if needed.
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time (input): apply boundary conditions at this time (used by twilightZoneFlow)

bcParameters (input): optional parameters are passed using this object. See the examples for how to
pass parameters with this argument.

Limitations: only second order accurate.

2.1.35 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realMappedGridFunction & uCoeff,
const Index & E,
const Index & C,
const BCTypes::BCNames &
bcType = BCTypes::dirichlet,
const int & bc = allBoundaries,
const BoundaryConditionParameters &
bcParams = Overture::defaultBoundaryConditionParameters(),
const int & grid =0)

Description: Fill in the coefficients of the boundary conditions.

uCoeff (input/output): grid function to hold the coefficients of the BC.
E (input): apply to these equations (for a system of equations)

C (input): apply to these components

t (input): apply boundary conditions at this time.

Notes: If you supply Range objects for E and Cthen the boundary conditions are filled in for all equations
and components indicated by the Ranges and NOT just the “diagonal” entries (as might be first
expected). Thus normally you will want to specify E and Cto just be int’s.

Limitations: too many to write down.
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2.2 Example 1: Differentiation of ar eal MappedG i dFuncti on

In this first example we show to evaluate derivatives of a MappedGridFunctionin a few different ways.

The recommended efficient method of evaluation is demonstrated near the end of the example code. (file
Overtur e/ exanpl es/ t ngo. O

O©CO~NOOITWN P

#include "Overture.h"
#include '"MappedGridOperators.h"
#include *"Square.h™

//=== ===
// Examples showing how to differentiate realMappedGridFunctions

// o evaluate using the x,y,... member functions

// o evaluate in an effficient manner by computing many derivatives at once.
//=== ===
int

main(int argc, char *argv[])

{

Overture::start(argc,argv); // initialize Overture

SquareMapping square(0.,1.,0.,1.);
square.setGridDimensions(axisl,1l);
square.setGridDimensions(axis2,11);
MappedGrid mg(square);

mg.update();

Index 11,12,13;
Range all;

realMappedGridFunction u(mg,all,all,all,Range(0,0)),
v(mg,all,all,all,Range(0,0)),
w(mg,all,all,all,Range(0,1));

MappedGridOperators operators(mg);
u.setOperators(operators);
v.setOperators(operators);
w.setOperators(operators);

getindex(mg.dimension(),11,12,13);

// Make a mapping, unit square

// axisl==0, set no. of grid points
// axis2==1, set no. of grid points
// MappedGrid for a square

// create default variables

// null Range
// define some component grid func
// in 3D

// define some differential operat
// Tell u which operators to use
// Tell u which operators to use

// assign

u(11,12,13)=sin(mg.vertex()(11,12,13,axisl))*cos(mg.vertex()(11,12,13,axis2)); // u=sin
w(11,12,13,0)=sin(mg.vertex()(11,12,13,axisl))*cos(mg.vertex()(11,12,13,axis2)); // Ffir
w(l1,12,13,1)=sin(mg-vertex(Q(11,12,13,axisl))*sin(mg.-vertex((11,12,13,axis2)); // sec

u.display(“here is u");

// compute the derivatives at interior and boundary points (there is 1 ghost line by defa

getIndex(mg. indexRange(),11,12,13);

operators.x(u).display(‘'Here is operators.x(u)™);

u.x().-display(‘'Here is u.x");

V=u;
v.x().display(''v=u; here is v.x");

// assign 11,12,13

// one way to compute u.
// another way to comput

real error = max(fabs(u.xQ(1,12,13)- cos(mg.vertex(Q(11,12,13,axisl))*cos(mg.-vertex((l

cout << "Maximum error (2nd order) = "

<< error << endl;

// here we compute the derivatives of only some components of w

v=w.x(all,all,all,0)+w.y(all,all,all,1);



2 CLASS MAPPEDGRIDOPERATORS 23

53 v.display(“here is w.x(0)+w.y(1)");

54

55

56 // now compute to 4th order

57 operators.setOrderOfAccuracy(4);

58 // 4th order has a 5 point stencil -- therefore on compute on interior points

59 getlndex(mg. indexRange(),11,12,13,-1);

60

61 // compute the derivatives at interior and boundary points (there is 1 ghost line by defa
62

63 error = max(fabs(u.xQ{1,12,13)-cos(mg.vertexQQ(11,12,13,axisl))*cos(mg.vertex()(11,12,1
64 cout << "Maximum error (4th order) = " << error << endl;

65

66 // --- Here is a more complicated expression:

67 v(11,12,13)=u(11,12,13)*u.xQ (11,12, 13)+v(11,12,13)*u.yQ (11,12, 13)-.1*(u.xxO (11,12, 13)+
68

69 // -—- make a list of derivatives to evaluate all at once (this is more efficient) ---

70 RealArray ux,uy; // these arrays will hold the answers

71 operators.setNumberOfDerivativesToEvaluate( 2 );

72 operators.setDerivativeType( 0, MappedGridOperators::xDerivative, ux );

73 operators.setDerivativeType( 1, MappedGridOperators::yDerivative, uy );

74

75 // reset order of accuracy to 2

76 u.getOperators()->setOrderOfAccuracy(2); // This is the same as operators.setOrderOfAccu
77

78 // compute the x and y derivatives of u and save in the arrays ux and uy

79 operators.getDerivatives(u,11,12,13);

80 // this next line is another way to do exactly the same thing

81 u.getDerivatives(11,12,13);

82

83 error = max(fabs(ux(11,12,13)-cos(mng.-vertex(Q(11,12,13,axisl))*cos(ng.vertex(Q(11,12,13,a
84 cout << "Maximum error in ux: (2nd order) = " << error << endl;

85 error = max(fabs(uy(11,12,13)+sin(mg.vertexQQ(11,12,13,axisl))*sin(mg.vertex()(11,12,13,a
86 cout << "Maximum error in uy: (2nd order) = " << error << endl;

87

88

89 // compute the y derivative only

90 ux=-123.; // init with bogus values

91 uy=-123.;

92 u.getDerivatives(l1,12,13,all,1); // all=all components, l1=derivative number 1 (yDeriv
93

94 error = max(fabs(ux(11,12,13)-cos(ng.vertex(Q(11,12,13,axisl))*cos(ng.vertex(Q(11,12,13,a
95 cout << “Maximum error in ux: (2nd order) (should be bad, only uy computed)= " << error <
96 error = max(fabs(uy(11,12,13)+sin(mg.vertex(QQ(11,12,13,axisl))*sin(mg.vertex()(11,12,13,a
97 cout << “Maximum error in uy: (2nd order) = " << error << endl;

98

99 // ***** now compute derivatives of a grid function with multiple components

100

101 getindex(mg. indexRange(),11,12,13); // assign 11,12,13

102 w.getDerivatives(11,12,13);

103

104 ux=-123.; // init with bogus values

105 uy=-123.;

106 w.getDerivatives(11,12,13,0,1); // O=component, 1=yDerivative
107 w.getDerivatives(11,12,13,1,0); // 1=component, O=xDerivative
108

109 ux.display('ux for w');



2 CLASS MAPPEDGRIDOPERATORS 24

110 uy.display(‘'uy for w'™);

111

112 error = max(fabs(uy(11,12,13,0)+sin(ng-vertex()(11,12,13,axisl))*sin(mg.vertex(Q(11,12,13
113 cout << "Maximum error in w(0).y: (2nd order) = " << error << endl;

114 error = max(fabs(ux(11,12,13,1)-cos(mg.vertex()(11,12,13,axisl))*sin(mg.vertex()(11,12,13
115 cout << "Maximum error in w(l).x: (2nd order) = " << error << endl;

116

117

118 cout << "Program Terminated Normally! \n";

119 Overture::finish();

120 return O;

121}

In this example we create a MappedG i dOper at or s object and associate it with a grid func-
tion. We compute the x-derivative of a r eal MappedG i dFuncti on. The member function “x”
in the grid function returns the x derivative of the grid function as a new grid function. It uses the
derivative defined in the MappedG i dOper at or s object. Note that by default the derivative of a
real MappedG i dFuncti on is only computed at interior and boundary points (indexRange). Thus
to access (make a view) of the derivative values of the grid function u. x() atthe Index’s (1 1,12,13)
it is necessary to say u. x() (11,12,13). On the other hand the statement u. x(11,12,13) will
evaluate the derivatives on the points defined by (11,12, 13), but will return a grid function that is
dimensioned for the entire grid. Thus in general on could say u. x(11,12,13)(J1,J2,J3) toeval-
uate the derivatives at points (1 1, 1 2, 1 3) but to use (take a view) of the grid function at the Index’s
(J1,32,33).

The example code also shows how to compute the derivatives of just some components of a grid
function. The grid function whas 2 components. The expressionw. x(al I , al | , al I , 0) computes the
derivative of component ‘0’ of wand returns the result as a grid function with 1 component.

The efficient method for computing derivatives is shown at the bottom of this example. First one
must indicate how many derivatives will be evaluated, set Nunber Of Der i vat i vesToEval uat e,
and which derivatives should be evaluated, set Deri vat i veType, and also supply A++ arrays to hold
the results in (ux, uy). These arrays will automatically be made large enough to hold the results if they
are not already large enough. The call to get Der i vat i ves will evaluate all the derivatives all at once
(thus saving computations) and place the results in the user supplied arrays (thus saving memory allocation
overhead).

See also section (3.2) for a similar example that uses Conposi t eG i dFuncti on’s.

2.3 Derivatives Defined Using Finite Differences

The class MappedG i dOper at or s defines derivatives using finite differences and the “mapping

method”. Simply put, each derivative is written, using the chain use, in terms of derivatives on the unit

square (or cube). The derivatives on the unit square are discretized using standard central finite differences.
Each MappedG i d, M, consists of a set of grid points,

M = {vertex; | i = (i1,i2,i3) dimension(Start,m) < i,, < dimension(End,m), m =0,1,2}.

One or two extra lines of fictitious points are added for convenience in discretizing to second or fourth-
order. Boundaries of the computational domain will coincide with the boundaries of the unit cubes, i,, =
gridIndexRange(Start,m) Of i,, = gridIndexRange(End, m).

The derivatives are discretized with second or fourth-order accurate central differences applied to the
equations written in the unit cube coordinates, as will now be outlined. Define the shift operator in the
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coordinate direction m by
UilJrLiQ’Z'S ifm= 0
E+mUi = Ui17i2+1’i3 ifm=1 s (1)
Ui17i27z‘3+1 ifm=2

and the difference operators

E—-1
Dern = Ar
1-F!
D, =
" Ar,,
E—-E!
Do, =
Orm 2Ar,,
D+m - E+m - 1
Eiop Eim, —1
D+m17m2 = = A:

Let Do, , Do .., Do, and Dy, . denote second-order accurate derivatives with respect to r and x.
The derivatives with respect to r are the standard centred difference approximations. For example

ou (Eim — EL)U;
—— = Dy, U; = m
OTm 2rm 2(Ary,)

o0*u (Eim —2+EL)U;

~ D2rmrm Uz

or2, (A7, )2

Let Dy, ., Dyy v,y D4s,, and Dy, . denote fourth order accurate derivatives with respect to r and x. The
derivatives with respect to r are the standard fourth-order centred difference approximations. For example

ou ooy o CEL 48E, —8EL, + EL)U

Oryy - Am 12(Ary,)
9u ~ Dy U e (—E2, +16E,, — 30+ 16E,), — E;2)U;
or2, mem 24(Ary,)?

where Ar,, = 1/(mp — Nna)-
The derivatives with respect to x are defined by the chain rule. For the fourth-order approximations,
for example,

ou or, Ou or,
- = — =Dy, U, := Dy, U;
0T, zn: 0z, Ory, Am zn: Arn

0*u or, Or; 0*u 9%r,, Ou
@ zl: 0Ly, OL, OT T Z

or, 877 or,
~ D4a:m:cm 7 Z (%cm 4rnrlUi + Z <D4xm%>D4rnUi

The entries in the Jacobian matrix, or,,/dz,, are assumed to be known at the vertices of the grid; these
values are obtained from the MappedG i d inthe array i nver seVert exDeri vati ves.
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2.4 Conservative Difference Approximations

The MappedG i dOper at or s also supply some conservative difference approximations. *** this is

I’IEW **kk
Define J to be the determinant of the Jacobian matrix of the transformation derivatives

)

J = det {81‘

Note that .Jdr is a measure of the local volume element.
The divergence operator is

-SG5
- Ox; Or;
The divergence operator can be written in conservation form for the computational variables r

S D) H

7

:—v .U

J
or;
h U, =J !
where Z For

This is called conservation form for the variables r since integrals over dr space can be expressed in a
simple form from which the divergence theorem can be applied:

The laplacian operator in divergence form now follows easily,
I 0 [  or; 06
A = — . J
I 0 [ 0 O 09
- J Z or; zl: J@xi Z 0x; 8rk]

The conservative difference approximations to the divergence and laplacian are obtained by dis-
cretizing the above expressions.
Similarly the operator V - (a(x)V¢) is

1 0 87’1 Ory, 0¢
EGCEE IR R 3y
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A general second-order derivative, d,,, (ad,, ¢), can be written from the expression for the divergence
of a vector whose m!™ component is ad,, ¢ (and other components zero),

0 or; 0¢
% { axn] Z or; J@xm (%sn]
. 8Tj 3” aQb
N J;(‘?Tj J&Emazi: oz, ari]
In two dimensions we write the expression for V - (aV¢) in more detail
. 1 0 67“1 2 87"1 8¢ 87"2 87'2 2 8¢
V- (aV9) = J{arl (aJ {8351 * 0s } 67“1 * 87“2 aJ 8351 * Oxy | Ory *

0 87'1 87“2 87'1 87’2 8(15 87’1 87’2 87’1 87’2 6(}5
ory (aJ {8351 0xy * 0xo 81’2} 8r2) + ors (aJ {83&1 oxq + 0o 83:2} ory }
This expression can be written in the simplified form

Lf 0 (udd), 0 (400, 0 (1,00, 0 (200
. % (an AR ) o (AP ) o (AT
V- (aVe) J{87“1 ( 87’1) - Orsy < 87’2) * ory ( 37“2) ! Or ( 37“1) }

where A2 = A2, A second-order accurate compact discretization to this expression is

1

V- (aV) % S{ D, (AL D-,0) + Dy (AZ1D-1,0) + Do, (A™Dor,) + Dor, (A% Dor,9) |

where we can define the cell average values for A™" by

A}jﬁ ~ (A”JFAZ1 )

[ \O)

AP, ~ (A AT

[\

We may also want to use the harmonic average

L 2ARAlL
115 A11+A21 1

which is appropriate if the coefficients vary rapidly.
A fourth-order accurate approximation can be derived as follows. A fourth-order accurate discretiza-
tion to the second derivative is

0?u h? A
which can be approximately factored into the product
0%u h? h? 4
where 2 5
_n = D 4
Di(1 = 3y DaD-Juy = 5(x,,3) +O(h)
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is a fourth order accurate approximation to the first derivative at L1 Thus

o (  Ou h? h? A

is a fourth-order accurate conservative approximation. We can make this a compact 5 point scheme by
dropping the highest order differences (which are O(h?) anyway) to give

0 (  Ou h? h? A
. (AE> {D+(1 — 5D+ D- )} [Ai_%D_} wi — [D4] [Ai_%D_ﬂmD_] ui + O(hY)
or

or or 24 ‘T2 =324
We approximate

2 (%) = P (4 s - GgDDAy — A DD ) 0|+ 0

1
E(Aiﬂ + Ais) +O(RY) * xkcheckthis *

A (,4 +A) +0(h?)

71— =

9
Ay = 1—<A~+Ai_1>—

T3

t\)

A consistent approximation to the boundary condition n,, - (aV¢), where n,, is the normal to the
boundary with r,,, = constant, can be obtained from the expressions

Ve
IVl
VxTm
(CLVQZS) - G’HV || ( xr1¢T1 + vxr2¢7‘2>

= B'¢,, + B¢y,

where we note that the operator V - (aV¢) contains this expression:
1 0
Vo (@Ve) == 5= IIVsrml [0 - (aV0)]

(consistent with the divergence theorem). Thus we should approximate the normal derivative at the bound-
ary point ¢ as an average of the approximations to n,,, - (aV¢) at the points : — % and i + %

1
Z (B?+%D+r2¢j + B;_%D-‘rrquj—l)

1
n (@V0)i = 5 (BLyDyirdi+ BLiDir6i) + 5

These approximations implicitly appear in the discretization of the operator V - (aV¢). If we choose the
same approximations in the boundary condition then terms will cancel appropriately.
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3 Class GridCollectionOperators and Class CompositeGrid-
Operators

This class is used to define differential operators for r eal Conposi t eGri dFuncti on’s. It uses the
MappedG i dOper at or s class to do this. The class Conposi t eG i dOper at or s is actually de-
rived from the class Gri dCol | ecti onOper at ors. Most of the member functions are defined in
the base class. For the discussion here, however, we will pretend that the functions are defined in class
Conposi teG i dOper at or s.

3.1 Public member function and member data descriptions
3.1.1 Public enumerators

Here are the public enumerators:

3.1.2 Constructors

GridCollectionOperators()
GridCollectionOperators( GridCollection & gridCollection0)

Description: Construct a GridCollectionOperators
gridCollectionO (input): Associate this grid with the operators.

Author: WDH
GridCollectionOperators( MappedGridOperators & op )

Description: Construct a GridCollectionOperators using a MappedGridOperators
op (input): Associate this grid with these operators.

Author: WDH

3.1.3 Derivatives X,y,z,XX,Xy,Xz,yy,yz,zz laplacian,grad,div

GridCollectionFunction
”derivative”(const realGridCollectionFunction & u,
const Index & N =nullindex

)

Description: “derivative” equals one of X, y, z, XX, Xy, Xz, VY, ¥z, zz, laplacian, grad, div.
u (input): Take the derivative of this grid function.
N (input): evaluate the derivatives for these components.

return Value: The derivative.
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Return value: The derivative is returned as a new grid function. For all derivatives but gr ad and di v
the number of components in the result is equal to the number of components specified by N (if N
is not specified then the result will have the same number of components of the grid function being
differentiated). The gr ad operator will have number of components equal to the number of space
dimensions while the di v operator will have only one component.

3.1.4 Derivative coefficients

GridCollectionFunction
”derivativeCoefficients”(const Index & N =nullindex )

Description: “derivativeCoefficients” equals one of xCoefficients, yCoefficients, zCoefficients, xxCoef-
ficients, xyCoefficients, xzCoefficients, yyCoefficients, yzCoefficients, zzCoefficients, laplacianCo-
efficients, gradCoefficients, divCoefficients. Compute the coefficients of the specified derivative.

N (input): evaluate the coefficients for these components.

return Value: The derivative coefficients.

3.15 get

int

get( const GenericDataBase & dir, const aString & name)
Description: Get from a database file

dir (input): get from this directory of the database.

name (input): the name of the grid function on the database.

3.1.6 put

int

put( GenericDataBase & dir, const aString & name) const
Description: output onto a database file

dir (input): put onto this directory of the database.

name (input): the name of the grid function on the database.

3.1.7 applyBoundaryCondition

void
applyBoundaryCondition(realGridCollectionFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType = BCTypes::dirichlet,
const int & bc = BCTypes::allBoundaries,
const real & forcing =0.,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters())
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void

applyBoundaryCondition(realGridCollectionFunction & u,

const Index & Components,

const BCTypes::BCNames & bcType,
const int & bc,

const RealArray & forcing,

const real & time =0.,

const BoundaryConditionParameters &

bcParameters = Overture::defaultBoundaryConditionParameters())

void

applyBoundaryCondition(realGridCollectionFunction & u,

const Index & Components,

const BCTypes::BCNames & bcType,

const int & bc,

const realGridCollectionFunction & forcing,

const real & time =0.,

const BoundaryConditionParameters & bcParameters

= Overture::defaultBoundaryConditionParameters())

31

Description: Apply a boundary condition to a grid function. This routine implements every boundary
condition known to man (ha!)

u (input/output): apply boundary conditions to this grid function.

Components (input): apply to these components

bcType (input): the name of the boundary condition to apply (dirichlet, neumann,...)

bc (input): apply the boundary condition on all sides of the grid where the boundaryCondition array (in
the MappedGrid) is equal to this value. By default bc=BCTypes al | Boundari es apply to
all boundaries (with a positive value for boundaryCondition). To apply a boundary condition to a

specified side use

e bc=BCTypes::
e bc=BCTypes::
e bc=BCTypes:
e bc=BCTypes:
e bc=BCTypes:
e bc=BCTypes:

: boundar y3 for
: boundar y4 for
: boundar y5 for (side, axis
: boundar y6 for (side, axis) = (1,

boundar y1 for (side, axis) =
boundar y2 for (side, axis
(side, azis
(
(
(

side, axis

)= (
)= (
)= (
)= (
)= (
)

or use bc=BCTypes: : boundar y1+si de+3*axi s for given values of (side, azis) (this could
be used in a loop, for example).

forcing (input): This value is used as a forcing for the boundary condition, if needed.

time (input): apply boundary conditions at this time (used by twilightZoneFlow)
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bcParameters (input): optional parameters are passed using this object. See the examples for how to
pass parameters with this argument.

Limitations: only second order accurate.

void
applyBoundaryCondition(realGridCollectionFunction & u,
const Index & Components,
const BCTypes::BCNames & bcType,
const int & bc,
const RealDistributedArray & forcing,
const real & time =0.,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters())

3.1.8 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realGridCollectionFunction & coeff,
const Index & Equations,
const Index & Components,
const BCTypes::BCNames &
bcType = BCTypes::dirichlet,
const int & bc = BCTypes::allBoundaries,
const BoundaryConditionParameters &
bcParameters = Overture::defaultBoundaryConditionParameters())

Description: Fill in the coefficients of the boundary conditions.
coeff (input/output): grid function to hold the coefficients of the BC.
t (input): apply boundary conditions at this time.

Limitations: too many to write down.

3.1.9 finishBoundaryConditions

void
finishBoundaryConditions(realGridCollectionFunction & u,
const BoundaryConditionParameters & bcParameters =
Overture::defaultBoundaryConditionParameters(),
const Range & CO =nullRange,
const IntegerArray & gridsToUpdate = Overture::nullintArray)

Description: Call this routine when all boundary conditions have been applied. This function will fix up
the solution values in corners and update periodic edges.

u (input/output): Grid function to which boundary conditions were applied.

bcParameters (input): Supply parameters such as bcParameters.orderOfExtrapolation which indicates
the order of extrapolation to use.
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CO (input) : apply to these components.

gridsToUpdate (input) : optionally supply a list of grids to update. Bu default all grids are updated.
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3.2 Example 1: Operators applied to ar eal Conposi t eGi dFuncti on

In this example we use the CompositeGridOperators to compute some derivatives. This example is
similar to the example described in section (2.2), see the comments there for more information. (file
Overturel/ exanpl es/tcgo. O

1 #include "Overture.h"

2 #include "CompositeGridOperators.h"

3 //=== ===

4 // Examples showing how to differentiate realCompositeGridFunctions

5 v/ o evaluate using the x,y,... member functions

6 // o evaluate in an effficient manner by computing many derivatives at once.

7 / /=== ===

8 main(int argc, char *argv[])

9

10 Overture::start(argc,argv); // initialize Overture

11

12 aString nameOfOGFile;

13 cout << "Enter the name of the overlapping grid data base file " << endl;

14 cin >> nameOfOGFile;

15 if( nameOfOGFile[0]!="." )

16 nameOFOGFi le=""/home/henshaw/res/ogen/" + nameOFOGFile;

17

18 // create and read in a CompositeGrid

19 CompositeGrid cg;

20 getFromADataBase(cg,nameOfOGFile);

21 cg.update();

22

23 Index 11,12,13;

24 Range all; // null Range (defaults to enti
25 realCompositeGridFunction u(cg,all,all,all,Range(0,0)), // define some component grid
26 v2(cg,all,all,all,Range(0,0)),

27 vd(cg,all,all,all,Range(0,0)),

28 q(cg,all,all,all,Range(0,1)); // q has 2 components

29
30 CompositeGridOperators operators(cg); // define some differential ope
31 u.setOperators(operators); // Tell u which operators to us
32 g.setOperators(operators);
33
34 for( int grid=0; grid<cg.numberOfComponentGrids(); grid++ )
35 {
36 MappedGrid & mg = cg[grid]; // mg is a
37 getindex(mg.dimension(),11,12,13); // assig
38 ulgrid](11,12,13)=sin(mg.vertex()(11,12,13,axisl))*cos(ng-vertex()(11,12,13,axis2));
39
40
41 u.display(*'here is u");
42 operators.x(u).display("'Here is operators.x(u)'™); // one way to compute u.
43 u.x()-display(‘'Here is u.x"); // another way to comput
44
45 v2=u.x(); // save x derivative (2nd-order)
46
47 Range c0(0,0),c1(1,1);
48 q(c0)=1_; // assign component 0 of q. This is cute but relativ
49 q(cl)=2._; // assign component 1 of (.
50 g.display(*'here is q");

51 a(c0)=q(c0)*q.x(c0)+q(cl)*q.y(c0);
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53 operators.setOrderOfAccuracy(4); // now compute to 4th order

54 vid=u.xQ); // save X derivative (4th-order)

55

56 operators.setOrderOfAccuracy(2); // reset back to 2nd order

57

58 // print the errors

59 real error;

60 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

61 {

62 MappedGrid & mg = cg[grid]; // mg is a
63 // compute errors on interior points and boundary

64 getlndex(mg.indexRange(),11,12,13); // assign 11,12,13
65 error = max(fabs(v2[grid](11,12,13)- cos(mg.vertex(QQ(l11,12,13,axisl))*cos(mg.-vertex((l
66 cout << "Maximum error (2nd order) = " << error << endl;

67

68 error = max(fabs(v4[grid](11,12,13)-cos(mg.-vertex(Q(11,12,13,axisl))*cos(mg.vertex()(l1
69 cout << "Maximum error (4th order) = " << error << endl;

70 }

71

72 // Now we compute the derivatives in a more efficient way. To do this we loop over the
73 // component grids.

74

75 // The arrays ux and uy are used to save the results In. These arrays are re-used for all

76 // the different component grids (thus saving space)
77 RealArray ux,uy;

78 // --- make a list of derivatives to evaluate on each component grid

79 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

80 {

81 operators|[grid].setNumberOfDerivativesToEvaluate( 2 );

82 operators[grid].setDerivativeType( 0, MappedGridOperators: :xDerivative, ux );
83 operators[grid].setDerivativeType( 1, MappedGridOperators::yDerivative, uy );
84 operators[grid].setOrderOfAccuracy(2);

85 }

86

87 // Now evaluate the derivatives

88 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

89 {

90 MappedGrid & mg = cg[grid];

91

92 // compute the x and y derivatives of u and save in the arrays ux and uy

93 operators[grid].getDerivatives(u[grid],11,12,13);

94 // this next line is another way to do exactly the same thing

95 u[grid].getDerivatives(11,12,13);

96

97 error = max(fabs(ux(11,12,13)-cos(mg.vertex()(11,12,13,axisl))*cos(mg.-vertex((11,12,13
98 cout << "Maximum error in ux: (2nd order) = " << error << endl;

99 error = max(fabs(uy(11,12,13)+sin(mg.vertex()(11,12,13,axisl))*sin(mg.vertex()(11,12,13
100 cout << "Maximum error in uy: (2nd order) = " << error << endl;

101 }

102

103 Overture: :finish(Q);

104 cout << "Program Terminated Normally! \n";

105 return 0O;

106 3}
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4 Boundary Conditions

The boundary condition operators define a “library” of elementary boundary condition operations that
can be used to implement application specific boundary conditions. Examples of elementary boundary
conditions include Dirichlet, Neumann and mixed conditions, extrapolation, setting the normal component
of a vector and so on.

Here are the elementary boundary conditions that are supported

u=gq dirichlet

Ot =g neumann

agl + a10,u = g mixed

(Dy)Pu =0 extrapolation (to p** order)
(Dy)n-u=0 extrapolate normal component (to p'* order)
(Dy)Pty, -u=0 extrapolate tangential component, m=0,1
n-u=g normalComponent

a-u=y aDotU

apOzu1 + a10yus + a0.u3 = g generalizedDivergence

apl + a1y + Ay + asu, = g generalMixedDerivative

u(—m) = u(+m) evenSymmetry

n-u(—m)=n- (2u(0) — u(+m)), vectorSymmetry
t-u(—m)=t-u(+m)

u— (n-un+g tangential Component

t, -u=yg tangentialComponent{m}, m=0,1

n-d,u=g normalDerivativeOfNormalComponent

t,-Od,u=g normalDerivativeOfTangentialComponent{m}, m=0,1
n-aVu=g normalDerivativeScalarGrad

Here are possible future ones (let me know if you need something)

(a-V)u =g aDotGradU
On(a-u) =g normalDerivativeOfADotU

The notation u(—m) = u(+m) means that the value of the solution on ghost line m is set equal to the
value on the m*" line inside the domain. Here n is the unit OUTWARD normal and 0,, is the normal
derivative, 9, = n - V, and t,,, represents the tangent vector(s).

There is also a ext r apol at el nt er pol at i onNei ghbour s boundary condition described be-
low.

There are two common approaches to implementing boundary conditions

e Use ghost points

e Do not use ghost points; instead use one sided differences.

On curvilinear grids my experience is that the first approach is easier. Moreover, using one sided
differences is equivalent to using a centred difference on the boundary and extrapolating the ghost point(s).
Thus we will only discuss how to assign boundary conditions assuming that we are using ghost points.

Consider first the case of a second order accurate method. Suppose that all variables have Dirichlet
boundary conditions. In this case the ghost points are probably not used; if they are it is usually good
enough just to extrapolate the ghost points.

1. extrapolate ghost points

Dirichlet: { 2. apply Dirichlet boundary conditions
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Now suppose that all variables have a Neumann boundary condition. In this case the equation can be
applied up to and including the boundary. The Neumann boundary condition can be thought of as giving
the value at the fictitious points.

1. apply interior equation on the boundary

Neumann: { 2. apply Neumann boundary conditions

When a boundary condition consists of some variables being given Dirichlet and some given Neumann
boundary conditions it is often appropriate to

1. apply interior equation on the boundary

2. apply the Dirichlet Boundary conditions

3. extrapolate variables with Dirichlet boundary conditions
4. apply Neumann boundary conditions

Neumann/Dirichlet:

Note that the order of applying the conditions is important. For example, the Neumann condition may
use values of the Dirichlet variables on the boundary or on the ghost points. In this case the Neumann
condition should be applied last.

Now let us see some examples of how we can actually implement the above procedures...

4.1 Example: apply boundary conditions to a MappedGridFunction

The appl yBoundar yCondi ti on member function of the MappedG i dOperators or a
MappedG i dFuncti on will assign an elementary boundary condition, such as di ri chl et to all
sidesof aMappedG i d ng where the values of ng. boundar yCondi t i on( si de, axi s) are equal
to a specified positive integer. Usually a solver will define integer values for non-elementary boundary
conditions such as

const int inflow=1,
outflow=2,
wall=3;

The values of ng. boundar yCondi ti on(si de, axi s) will then be assigned with the appropriate
values such as

mg . boundaryCondition(Start,axisl)=inflow;
mg.boundaryCondition(End ,axisl)=outflow;
mg.boundaryCondition(Start,axis2)=wall;
etc.

A function call of the form

realMappedGridFunction u(...)

int component=0;
u.applyBoundaryCondition(component,dirichlet,inflow,1.);

will assign a Dirichlet boundary condition, u = 1, to component = 0 of u, on all sides of the grid where
ng. boundar yCondi ti on(si de, axi s) =i nfl ow.

When the MappedG i dOper at or s appl yBoundar yCondi ti on function is called it loops
through all the boundaries in the following fashion:
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ForBoundary(side,axis) // loop over all faces

{
if( c.boundaryCondition(side,axis)==bc
Il ( bc==allBoundaries && c.boundaryCondition(side,axis) > 0) )
{

switch ( bcType )
{

case dirichlet:
// assign dirichlet BC on this side
break;

case neumann:
// assign dirichlet BC on this side
break;

The enumator al | Boundar i es is a default argument.
The f i ni shBoundar yCondi ti ons function should be called when all boundary conditions have

been applied. This routine will assign values in corners and update periodic boundaries.

In this example code we show how to assign and evaluate boundary conditions.  Apply-
ing boundary conditions to a r eal Conposi teG i dFuncti on works in the same way. (file
Overturel/ exanpl es/ bcgf. O

4.2 Boundary Condition Descriptions

In this section we describe in some detail how each elementary boundary condition is applied.
Define the following values which are functions of the input parameters to
appl yBoundar yCondi ti on:

voi d MappedG i dOperators::
appl yBoundar yCondi ti on(real MappedG i dFuncti on & u,
const | ndex & Conponents,
const BCTypes:: BCNanes & bcType, [/* = BCTypes::dirichlet */

const int & bc, /* = all Boundaries */
const real & forcing, /* =0. */
const real & tine, [* =0. */

const BoundaryCondi ti onParaneters &
bcParaneters /* = defaul t Boundar yCondi ti onPar ane
const int & grid /* =0 */ )

MappedGid & ng = *u. get MappedGi d();

Range C = Conponents;

int nc = Conponents.getlLength(); // nunmber of conponents
int nd = nunber of space di nensions

intArray & conmponents = bcParaneters. conponents;

bool conponent sSpeci fied = conponents. getLengt h(0) > O;
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int lineToAssign = bcParaneters.!|ineToAssign;

Index 11,12,13;

int side,axis; // defines the face of the grid we are on

int grid, /'l defines the grid nunber if froma gridCollectionFunction
get Boundar yl ndex( ng. gri dl ndexRange, si de, axis,11,12,13,1ineToAssign);

Range Cl = C- C. getBase() +f orci ng. get Base();

OGFunction e = twilight zone function (if specified)

There are also versions of appl yBoundar yCondi ti on whereforcingisareal Array, ora
r eal MappedG i dFuncti on or and array of r eal Array’s.
Note: For boundary conditions that normally assign the value on the boundary (such as di ri chl et
or nor mal Conmponent a value can be assigned on a line other than the boundary by setting
bcPar anet ers. | i neToAssi gn — a value of zero is the boundary, 1 the first ghost line and -1 the
first interior line etc.

4.2.1 dirichlet

By default the dirichlet boundary condition assigns values on the boundary according to the following

(eu(mg, I1,12,13, fC,t) if twightZoneFlow==TRUE
forcing if forcing is a real
_J forcing(fC) if forcing is a real Array with 1 array dimension
u(l1, 12,13, uC’) = forcing(I11,12,13, fC) if forcing is a real Array that is big enough
forcing(fC, szde axis, grid) if forcing is a real Array that is big enough
| forcing(I1,12,13, fC) if forcing is a gridFunction

Here uCand f Care intArrays and
uw(I1,12,13,uC) = eu(mg, 11,1213, fCt)
means
w(I1,12,13,uC (1)) = eu(mg, I1,12,13, fC(i),t) for i=uC.getBase(0),...,uC.get Bound(0)

The values found in the intArrays uC and f C depend on the arguments to appl yBoundary-
Condi ti ons. By default

uC'()
fC)

However, if the argument f or ci ng is a grid function then fC is defined so that it’s base is the same as
the base of the grid function f or ci ng:

i for i=C.getBase(),...,C.getBound()
i for = C.getBase(),...,C.get Bound()

fC(i) =i — C.getBase() + forcing.getBase() for i = C.getBase(),...,C.getBound()

For arbitrary control of which components to use one can dimension and set one or both of the intArrays
bcPar anmet er s. uConponent s and bcPar anet er s. f Conponent s. When either of these intAr-
rays is given the argument C' is ignored. The following statements define how uCand f C are determined
in all cases (with uConponent s:=bcPar anet er s. uConponent s and f Conponent s:=bcPar a-
net er s. f Conponent s )
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C if neither uComponents nor fComponents is specified
uC = ¢ uComponents if uConponent s is given

b,b+1,.. if f Conponent s is specified but not uConponent s, b=u.getComponentBase(0)
and

C if neither uConponent s nor f Conponent s is specified
O = b,b+1,.. if as above case but with grid function forcing, b=forcing.getComponentBase(0)

fComponents if f Conmponent s is given

b,b+1, ... if uConponent s is specified but not f Component s, b=forcing.getComponentBase(0)

A value can be assigned on a line other than the boundary by setting
bcPar anmet ers. | i neToAssi gn — a value of zero is the boundary, 1 the first ghost line and -1
the first interior line etc.

Sometimes a given boundary condition such as di ri chl et will need to use different forcing values
on different sides of different grids. Maybe the dirichlet value on one face is 1 while on another face it
is 2. These different values can be passed with a r eal Array forcing (they can also be passed more
generally with a grid function). If the forcing function f or ce isar eal Ar r ay with dimensions that are
large enough then the forcing for a given face ( si de, axi s) belonging to a given gri d will be taken
asforce(fC, side,axis,grid).Iftheforce array is not dimensioned large enough for the given
index values of ( si de, axi s, gri d) thenf orce(f C) will be used.

4.2.2 neumann

For second-order accuracy the neumann boundary condition will assign the value on the first ghost line
from n - Vu = ¢. Recall that n is the outward normal.
Define

I ndex 1gl,19g2,1g93;

get Ghost | ndex(ng. gri dl ndexRange, si de, axi s, 191,192,193); /'l first ghost Ii

I ndex Ipl,Ip2,1p3;
get Ghost | ndex( ng. gri dl ndexRange, si de, axi s, I pl,1p2,1p3,-1); [/ first

On a rectangular grid the neumann condition is computed as
u(lgl, 1g2,1g3,uC) = u(Ipl, Ip2, Ip3,uC) + 2Ax s g ,

where Az, 1S the grid spacing in the direction normal to the boundary and

n - (e.uGrad(mg, I1,12,13, fC,t)) if twightZoneFlow==TRUE
forcing if forcing is a real
) forcing(fC) if forcing is a real Array with 1 array dimension
9= forcing(11,12,13, fC) if forcing is a realArray that is big enough
forcing(fC, side, axis, grid) if forcing is a realArray that is big enough
| forcing(I1,12,13, fC) if forcing is a gridFunction

and

line in

e.uGrad(mg, I1,12,13, fC,t) = (e.ux(mg, I1,12,13, fC,t),euy(mg, I1,12,13, fC,t), euz(mg, 11,12,13, fC,
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The definition of the intArray’s uCand f Care given in the comments for Dirichlet boundary conditions.
Onacurvlinear grid u(Igl, 42, 193, uC) is determined by imposing the condition n- Vu = ¢ (on the
boundary). This is done by forming the matrix coefficients for n - V (on the boundary)

(M, 11,12,13) =n - (op.xCoef ficients(), op.yCoef ficientsI(),op.zCoef ficients())
(M represents the stencil, 9 points or 27 points). Then we have an equation of the form

c(mo, 11,12, 13)u(Igl,1g2,1g3,C) = Y c(m, 11,12, I3)u(I1(m), 12(m), I3(m), C) + forcing

m¥£mg

that determines u(Ig1, 1¢g2, [¢3,uC') (my is the stencil index corresponding to the ghost line value). (The
coefficients are only computed once for efficiency).

4.2.3 mixed

For second-order accuracy the mixed boundary condition will assign the value on the first ghost line from
the discretization of
apu+a1(n-Viju=g

where n is the outward normal. It is assumed that a; # 0. The values of ay, and a; are
found in bcParaneters.a. |If bcParaneters. a is dimensioned to be at least as large as
bcPar anet er s. a( 2, 2, nunber O Di nensi ons, nunber O Gri ds) then the values for a, and
a; will be (ag, a;)=bcPar anet ers. a(0: 1, si de, axi s, gri d) wheresi de, axi s, gri d denote
the particular boundary we are on. In this way different values can be used on different sides of different
grids. Otherwise a and a; will be (ag, a;)=bcPar amet er s. a( 0: 1) and the same values will be used
on all boundaries.

Since for non-rectangular grids the matrix representing the boundary operator is saved (for efficiency
) itis currently assumed that the values «(0 : 1) do not change from one call to the next .

The mixed boundary condition is applied in basically the same way as the neumann boundary condi-
tion (see above for more details).

4.2.4 extrapolate

Extrapolation determines a value on a ghostline by extrapolating along the coordinate direction normal to
the boundary. By default the value on the first ghostline is determined using second order extrapolation:

u(Igl, Ig2,1g3,uC) = 2u(I1,12,13,uC) — u(Ipl, Ip2,Ip3,uC) + g,
or more generally using p*"-order extrapolation (p=1,...,10)
u(Igl,Ig2,1g3,uC) = DY (u(I1,12,13,uC))+ g,

Here the extrapolation operator is either D” or D", chosen so we extrapolate into the interior of the grid,
and

(eu(mg, Igl,1g2,1g3, fC,t) — DY (eu(mg, I1,12,13, fC,t)) if twightZoneFlow==TRUE
forcing if forcing is a real
_} forcing(fC) if forcing is a real Array with 1 array dimen
9= forcing(11,12,13, fC) if forcing is a real Array that is big enough
forcing(fC, side, axis, grid) if forcing is a real Array that is big enough
orcing if forcing is a gridFunction
Wi I1,12,13, f/C if forcing i idFuncti
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The definition of the intArray’s uCand f Care given in the comments for Dirichlet boundary conditions.
To extrapolate a different line change bcPar anet er s. ghost Li neToAssi gn (default=1). To
change the order of extrapolation set bcPar anet er s. or der Of Ext r apol at i on (default=2).

4.2.5 normalComponent

The nor mal Conponent boundary condition changes the values of « on the boundary (or some other
line) to satisfy n - u = ¢. This can be done by the projection

u(l1,12,13,uC) «—u(I1,12,13,uC) + [g — (n-u(I1, 12,13, uC))n

The forcing for this boundary condition is determined from

((n-ewu(mg,I1,12,13, fC,t) if twightZoneFlow==TRUE
forcing if forcing is a real
(11,12, 13) = n - forcing(fC) if forcing is a real Array with 1 array dimension
A n - forcing(fC, side, axis, grid) if forcing is a realArray that is big enough
forcing(I1,12,13) if forcing is a scalar gridFunction
| n- forcing(I1,12,13, fC) if forcing is a vector gridFunction

The definition of the intArray’s uCand f Care given in the comments for Dirichlet boundary conditions.

4.2.6 tangentialComponent0, tangentialComponentl

The t angenti al Conponent 0 and t angent i al Conponent 1 boundary conditions change the
value of u on the boundary (or some other line) to satisfy t,, - u =g form =0orm = 1.

There are two (or one in 2D) tangent vectors on a given boundary. Label the boundary with the two
integerers (axis, side) where (azis = 0,1,2, side = 0,1) for the 6 faces. The two tangent vectors are
the derivatives with respect to the two tangential unit square coordinates, r;, where the values for k are
obtained as a cyclic permutation starting from the value of axis + 1,

k =aris+m+1 mod number0OfDimensions,

The tangent vectors are normalized to be unit length

8x/8rk . . .
ty, = ——, m=0,1, k=1,2(axts=0)ork =2,0(axis=1)ork =0,1 (axis =2
9% /0] i =0 i =1 ozt =2
and are accessible inaMappedG i d asthe cent er Boundar yTangent [ axi s][side] (11,12,13,0:nd-1
(where nd=nunber O SpaceDi nensi ons).
These boundary conditions are applied in the same manner as the nor mal Conponent boundary
condition, see the comments there for further details.

4.2.7 normalDerivativeOfTangential Component[0,1]

Thenor mal Deri vati veOf Tangent i al Conponent O (or nor mal Deri vati veOf Tangent i al Conpong
boundary condition changes the values of « on the ghost line to satisfy

0
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where t,,,, m = 0 (or m = 1) is the tangent vector as defined in section (4.2.6) This is not really the normal
derivative of the tangential component:

0 .
- . — |
o (t,,-u)=g (not this!)

unless the tangent vector is constant, but it is close and probably good enough for most purposes (?).
The forcing functions for this boundary condition can be of one of the following forms

( t,, - (n-V(eu(mg,I1,12,13, fC,t)) if twightZoneFlow==TRUE
forcing if forcing is a real
(11,12, 13) — t - forcing(fC) if forcing is a real Array with 1 array dimension
AT t - forcing(fC, side, axis, grid) if forcing is a real Array that is big enough
forcing(11,12,13) if forcing is a scalar gridFunction
([ tim - forcing(11,12,13, fC) if forcing is a vector gridFunction

The definition of the intArray’s uCand f Care given in the comments for Dirichlet boundary conditions.

4.2.8 extrapolateNormalComponent, extrapolateTangentialComponent[0,1]

The ext r apol at eNor mal Conponent boundary condition changes the value of the normal compo-
nent of u on a ghost line by extrapolation from interior values. This can be done by the projection

u(lgl,1g2,1g3,uC) «— u(lgl,1g2,1g3,uC)+ [g — (n-u(lgl,1g2,1g3,uC))n

where ((1g1, Ig2, I1¢3) are the indices of the ghost line and g is the extrapolated value from interior points,
for example,
g=2n-u(llg+1,129,13g,uC) —n-u(llg+1,12g,13g,uC).

The definition of the intArray’s uCand f Care given in the comments for Dirichlet boundary conditions.
To extrapolate a different line change bcPar anet er s. ghost Li neToAssi gn (default=1). To
change the order of extrapolation set bcPar anet er s. or der O Ext r apol at i on (default=2).
Theext r apol at eTangent i al Conponent 0 and ext r apol at eTangent i al Conponent 1
are the same asext r apol at eNor mal Conponent except that the normal vector is replaced by the
tangent vector t,,, form =0orm = 1.

4.2.9 extrapolateTangential Component0, extrapolateTangentialComponent0,

The tangential components of a vector grid function can also be extrapolated in a similar fashion to the
ext r apol at eNor mal Conponent boundary condition.

4.2.10 tangentialComponent

The t angent i al Conponent boundary condition sets the value of the tangential component(s).
WARNING: You cannot in general use this condition on two adjacent sides of a grid and expect that the
value at the corner is correct since there are two equations defining the corner value and only the last one
applied will be satisfied (in general).

It changes the value of u on the boundary to satisfy u — (n - u)n = g¢. This is done (without having to
know tangential vectors) by setting

u(/1,12,13,uC) «— n-u(l1,12,13,uC)|n+g
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If uC' specifies more values than the number of space dimensions then the extra values are ignored. The

forcing for this boundary condition is determined from
k,kkhkhkhkhkkhkhkihkhkhkhikihkiikh f|n|Sh thIS *hkhkkhkhkhkhkhkkhkhkhkhkhkhkhiihhkihiiikx

n-eu(mg,11,12,13, fC,t) if twightZoneFlow==TRUE

forcing if forcing is a real
g(I1,12,13) =< n- forcing(fC) if forcing is a realArray
forcing(11,12,13) if forcing is a scalar gridFunction

n - forcing(I11,12,13, fC) if forcing is a vector gridFunction

4211 evenSymmetry

The evenSymmetry boundary condition determines the values on the n'* ghostline by setting them equal
to the values on the n'* line in:

uw(lgl,1g2,1g3,uC) =u(Ipl, Ip2,Ip3,uC) + g

where
g =eu(mg,Igl, 192,193, fC,t) — e.u(mg, Ipl, Ip2, Ip3, fC,t) if twightZoneFlow==TRUE
By default the first ghostline is assigned. To assign a different ghostline set

bcPar anet er s. ghost Li neToAssi gn (default=1).

4.2.12 vectorSymmetry

Apply a symmetry condition to a vector u = (ul, u2, u3) by making n - u an odd function with respect to
the boundary and t - u an even function:

t-u(-m) = t-u(+m)

n-u(—-m) = n-(2u(0) —u(+m))
This condition can be used, for example, in a fluids computation as a boundary condition for the velocity
at a symmetry wall - the velocity normal to the wall is odd will the velocities tangential to the walls are
even.

The components of « that are changed are given by « (71,12, 13,uC). If uC specifies more values

than the number of space dimensions then the extra values are ignored.
To implement the boundary condition we first set all components on the ghost line:

u(Igl,Ig2,1g3,uC) =u(Ipl,Ip2, Ip3,uC).

This will make all components even. We then change the normal component on the ghostline to make the
normal component odd:

n-u(lgl, g2, 1g3,uC) =n- (2u(I1,12,13,uC) — u(Ipl, Ip2, Ip3,uC)) + g
where
g=n-(eu(mg,lgl, 192,193, fC(0),t) — 2e.u(mg, I1,12,13, fC(1),t)
+e.u(mg, Ipl, Ip2, Ip3, fC(2),t)) if twightZoneFlow==TRUE
This can be done by the projection
u(lgl,1g2,193,uC) «—u(lgl,1g2,193,uC)+ (g — (n-(u(lgl,1g2,1g3,uC) — (2u(11,12,13,uC)
—u(Ipl, Ip2,Ip3,uC)))))n
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4213 aDotU

The aDot Uboundary condition changes the values of « on the boundary to satisfy a - u = g. This can be
done by the projection

w(I1,12,13,uC) — u(I1,12,I3,uC) + g — (a- u(I1, 12, I3,uC))]—

||a[?

The values of the vector a are found in the array bcPar anmet er s. a( 0: ) . If uC specifies more values
than the number of space dimensions then the extra values are ignored. The forcing for this boundary
condition is determined from

(a-eu(mg, I1,12,13, fC,t) if twightZoneFlow==TRUE
forcing if forcing is a real
(11,12, 13) — a- forcing(fC) if forcing is a real Array with 1 array dimension
AN a- forcing(fC, side,axis, grid) if forcing is a realArray that is big enough
forcing(11,12,13) if forcing is a scalar gridFunction
| a- forcing(11,12,13, fC) if forcing is a vector gridFunction

4.2.14 generalMixedDerivative

The general mixed derivative boundary condition is
a(0)u+ a(l)uy + a(2)uy +a(3)u, =g.

For a second-order accurate discretization this condition will determine the value of « on the first ghostline.
The values of the vector a are found in the array bcPar anmet er s. a( 0: ) . (To be well defined this means
that a - n # 0)

The right-hand side is given by

a(0)e.u(mg, Igl,1g2,1g3, fC,t)
+a(l:3)-euGrad(I1,12,13, fC,t) if twightZoneFlow==TRUE
_J forcing if forcing is a real
9= forcing(fC) if forcing is a realArray with 1 array dimension
forcing(fC, side, axis, grid) if forcing is a real Array that is big enough
| forcing(I1,12,13, fC) if forcing is a gridFunction

To impose this condition the matrix of coefficients for
a(0)l+a(l:3)-V

is formed...

4.2.15 generalizedDivergence

This boundary condition can be used to set the divergence, V - u = g, of vector grid function, or more
generally to set
a(0)u(0); +a()u(l), + a(2)u(2), =g

Note that this is a single condition imposed on a vector. The values of the vector a are found in the array
bcParaneters. a(0:). If bcPar anet ers. a is not dimensioned then by default a = (1,1,1) (in
which case this condition sets the divergence: V - u = g).
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If uC' specifies more values than the number of space dimensions then the extra values are ignored.
The forcing for this boundary condition is determined from

a(0:2)-euGrad(mg,I1,12,13, fC(0),t) if twightZoneFlow==TRUE

forcing if forcing is a real

g=1+< a- forcing(fC) if forcing is a real Array
forcing(I11,12,13) if forcing is a scalar gridFunction
a- forcing(I1,12,13, fC) if forcing is a vector gridFunction

NOTE: This boundary condition uses some values on the ghostlines of adjacent boundaries when applying
this equation at corners. Thus you must make sure that ghostline values on adjacent boundaries have
been assigned before applying this boundary condition.
Method: In the case of a rectangular grid this condition is rather easy to apply. For example, for the
boundary with  =constant and a second-order difference approximation we would solve

(w(0)i41 — u(0)i—1)

a(0)Do,u(0) = a(0) SAT = —a(1)Dgyu(1) — a(2)Do,u(2) + g

for the value on the ghost line, «(0);_; (left edge) or «(0),41 (right edge). Here Dy, Dy, and D, are the
centered difference operators in the x, y, z—directions.

For a general curvilinear grid we must project the values of u on the ghost line so the condition is
satisfied. To do this we form the discrete approximation to

a(0)u(0) + a(lu(l)y + a(2)u(2). = g
on the boundary. This gives a stencil operator at each boundary point i = (i1, i, i3) of the form

5 Cm * Uitm = Gi , m = (my, ma, ms)
m

where for a 27 point stencil (or 9 point in 2D) each component of m ranges over —1 < m,, < +1. (Note
that the corner points in the stencil c,, are actually zero since only first derivatives appear in this boundarry
condition so the stencil is really 7 point (or 5 point).) If we solve this equation for the unknown value of
Cm - Ui1m ON the ghost point, say, ¢(_1,0,0) - Wit(—1,0,0), IN terms of the known values of u on the boundary
and the interior then we are led to the equation

C(-1,0,0) * Wi4(-1,0,0) = Gi — Z Cm ' Uitm (2
m#(—1,0,0)
that must be satisfied. This equation looks just like our a - u = ¢ boundary condition so we can apply the
same formula a
ugHug—(g—a'ug)w
where a = c(_1,0) and g is the right hand side of (2). Note that we are able to change the appropriate
component of u_; ooy without having to decompose the operator into tangential and normal components.

4.3 extrapolatelnterpolationNeighbours

Extrapolate the unused points that lie next to interpolation points. This boundary condition is useful if one
has a second order method with fourth-order artificial viscosity. This routine will fill in values needed by
the larger stencil of the fourth-order artificial viscosity. This is often a good enough solution, rather than
creating an overlapping grid with two lines of interpolation (discretization width = 5).

Note: the “corners” next to interpolation points are not assigned, only the neighbours that lie along
one of the coordinate directions. So the points marked ”e” below are assigned
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eee

el I 1 e=extrapol at e
el I XX I = interpolation pt
el XXX X= di scretaization pt
el XXX

4.4 Boundary conditions at corners (and edges in 3D)

The corners of a grid are assigned by f i ni shBoundar yCondi ti ons. By default the corners are
extrapolated but there are other options for assigning the corners given by the following enum found in the
Boundar yCondi t i onPar anet er s class

enum Cor ner Boundar yCondi t i onEnum
{
ext r apol at eCor ner =0,
symmetryCorner, [// nanme deprecated, use evenSymmetryCor ner
tayl or2ndOrder, // nane deprecated, use tayl or2ndO der EvenCor ner
evenSynmmet r yCor ner,
oddSymet r yCor ner ,
tayl or 2ndOr der EvenCor ner ,
tayl or 4t hOr der EvenCor ner

¥

To set the conditions used on a particular corner first set the property in a BoundaryConditionParameters
object and then use this object when assigning boundary conditions:

bcPar ans. set Cor ner Boundar yCondi ti on( cor ner BC, si del, si de2, si de3);

Here si del,si de2,si de3 equal one of = —1,0, 1. If all three values are from 0, 1 then this defines a
corner. If one of the values is —1 then this defines an edge along that axis.
The evenSymmet r y boundary condition sets

u(il —ml,i2 —m2,i3 —m3) = u(il + ml,i2 + m2,i3 + m3)
where w(i1,42,43) is a point on the boundary. The oddSymret r y boundary condition sets
u(il —ml,i2 — m2,i3 — m3) = 2u(il,i2,i3) — u(il + m1,i2 + m2,i3 + m3)

Thet ayl or 2ndOr der EvenCor ner boundary condition uses (in 2D)

u(+1,4+1) = u(0,0) + Aru, + Asu, + Ar®/2u,, + ArAsu., + As?/2u,, +
u(=1,-1) = u(0,0) — Aru, — Asu, + Ar?/2u,, + ArAsu, + As®/2ug, +
u(—1,-1) = u(l,1) — 2Aru, — 2Asu, + O(Ar® +...)

ur = (u(1,0) —u(=1,0))/(2Ar) + O(Ar?)

to give the approximation

u(=1,—1) = u(1,1) — (u(1,0) — u(—1,0)) — (u(0,1) — u(0, —1))
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The t ayl or 2ndOr der EvenCor ner boundary condition will reduce to an even symmetry boundary
condition if the neighbouring points also satisfy the symmetry condition (i.e. if the function is even about
the boundary).

The t ayl or 4t hOr der EvenCor ner boundary condition is a fourth-order accurate boundary con-
dition for the ghost points that reduces to an an even symmetry boundary condition if the neighbouring
points also satisfy the symmetry condition. See the ogmg documentation for a further details on the
tayl or 2ndOr der EvenCor ner andt ayl or 4t hOr der EvenCor ner boundary conditions.

4.5 BoundaryConditionParameters : passing optional parameters for boundary
conditions

Use this class to pass optional parameters to the boundary condition routines. See section (4.1) for an
example code that demonstrates the use of this class.

45.1 Applying a boundary condition to a portion of a boundary

Normally a boundary condition is applied to the whole side (or face). To apply a given boundary condition
to only some part of a side one can use the mask array that lives in the BoundaryConditionParameters
object.

4.5.2 constructor

BoundaryConditionParameters()

Description: This class is used to pass optional parameters to the boundary condition routines.
Optional parameters: The following parameters are public members of this class:

int lineToAssign: apply Dirichlet BC on this line.

int orderOfExtrapolation: order of extrapolation for various BC’s. A value j 0 means use orderO-
fExtrapolation=3 for 2nd-order accuracy and orderOfExtrapolation=5 for fourth order

int orderOfinterpolation: not used yet(?)
int ghostLineToAssign: assign this ghost line (various bc’s)

extralnTangentialDirections: extend the set of pointts assigned by this many points in the tangen-
tial directions

numberOfCornerGhostLinesToAssign: assign at most this many lines at edges and corners, by
default do all. For a second order method that only uses one ghost line one could set this value
to 1 to avoid assigning any unused ghost points. NOTE: Some BC’s may still assign all ghost
points, this is only used as a recommendation.

cornerExtrapolationOption: by default (=0) corner points are extrapolated along diagonals. Set-
ting this parameter to 1,2 or 3 means corner points are not extrapolated along direction 1,2, or
3. This option was introduced to keep some symmetries in 3d computations.

IntegerArray components: holds components to assign for various BC’s
IntegerArray uComponents,fComponents: holds components to assign for various BC’s
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RealArray a,b0,b1,b2,b3: hold parameters for various BC’s

int useMask : if TRUE use the mask (below) to determine where boundary conditions should be
applied.

IntegerArray mask : supply a mask array to indicate where the BC’s should be applied. This array
is only used if useMask=TRUE.

Example: This example shows how to extrapolate to order 4:

Boundar yCondi ti onPar anet ers bcPar ans;
bcPar ans. or der O Ext r apol ati on=4;

int wall=3;
real value=0., tine=0.,;
u. appl yBoundar yCondi ti on( 0, BCTypes: : extrapol ate, wal | , val ue, ti me, bcF

4.5.3 setCornerBoundaryCondition
int
setCornerBoundaryCondition( CornerBoundaryConditionEnum bc )

Description: Specify the boundary conditions for the corners and edges.

bc (input) : use this boundary condition on all corners and edges.

4.5.4 setCornerBoundaryCondition

int

setCornerBoundaryCondition( CornerBoundaryConditionEnum bc, int sidel, int side2, int side3 =
_1)

Description: Specify the boundary conditions for the corners and edges.

bc (input) : use this boundary condition on the specified corner or edge.

sidel,side2,side3 (input): To indicate a corner, each of sidel,side2, and side3 should be either 0 or 1,
the corner will then be (r; = sidel,ry = side2,r3 = side3). To indicate an edge set one of
sidel,side2,side3 to be —1 and the others to be 0 or 1. If sidel==-1 then the edge will be parallel to
axisl : (r; = [0,1],ry = side2,r3 = side3). if side2==-1 then the edge will be parallel to axis2 :
(r1 = side, o = [0, 1], 73 = side3) etc.

45.5 cornerBoundaryCondition

CornerBoundaryConditionEnum
getCornerBoundaryCondition( int sidel, int side2, int side3 = -1) const

Description: Return the boundary condition that applies to a corner or edge.

sidel,side2,side3 : Values of (0,0,0) would be a corner, (0,0,-1) would be an edge
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45.6 setUseMask
int
setUseMask(int trueOrFalse =TRUE)

Description: Turn on (or off) the use of the mask array for selectively applying boundary conditions at
certain points.

45.7 getUseMask
int
getUseMask() const

Description: Return the current value of the useMask flag.

458 mask()

intArray &
mask()

Description: Return a reference to the boundary condition mask array. It is up to the user to dimension
this array to be the correct size.

If setUseMask(true) has been called then any boundary condition will only be applied where the
mask array has non-zero values.

The applyBoundaryCondition routine will evaluate the mask on a given side according to the value
of bcParameters.lineToAssign, by default this will be the boundary itself.

get Ghost I ndex( c.indexRange(), side,axis,|1,12,13,bcParaneters.|ineToA
where( mask(11,12,13) )
apply the boundary condition

45.9 useMixedBoundaryMask
int
assignAllPointsOnMixedBoundaries( bool trueOrFalse =true)

Description: Boundary conditions on mixed boundaries are normally NOT assigned at interior boundary
points, unless you call this function with "true”

trueOrFalse : set to true if you want all points to be assigned on mixed boundaries (boundaries that are
partially boundary points and partially interpolation points). The default is false.
45.10 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients() const

Description: Return a pointer to the grid function that was previously supplied through a call to
set Vari abl eCoeffici ents( Real MappedG i dFuncti on & var ). Do not use this
version if you initially passed a grid collection function.
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45.11 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients(const int & grid) const

Description: Return a pointer to the grid function that was previously supplied through a call to
set Vari abl eCoefficients( Real GidCollectionFunction & var ).

grid (input) : return the mappedGridFunction for this component grid.

45.12 setVariableCoefficients
void
setVariableCoefficients( RealMappedGridFunction & var)

Description: Supply a grid function for variable coefficients. The meaning of the grid function depends
on the boundary condition to which it is applied. A reference to ‘var’ will be kept.

var (input) : coefficient values for a boundary condition that requires variable coefficients. This grid
function could only live on a single boundary if there is only one boundary where the values are
needed.

45.13 setVariableCoefficients
void
setVariableCoefficients( RealGridCollectionFunction & var )

Description: Supply a grid function for variable coefficients. The meaning of the grid function
depends on the boundary condition to which it is applied. A reference to ‘var’ will be
kept. NOTE: This grid function will take precedence over any variable coefficients specified
through the set Vari abl eCoef fi ci ent s( Real MappedG i dFunction & var ), i.e.
A GidCol | ecti onFuncti on will be used before a MappedGr i dFuncti on.

var (input) : coefficient values for a boundary condition that requires variable coefficients. This grid
function could only live on a single boundary if there is only one boundary where the values are
needed.

45.14 setRefinementLevelToSolveFor

void
setRefinementLevelToSolveFor( int level )

Description:

level (input) : indicate that a particular refinement level is being solved for.

45.15 setBoundaryConditionForcingOption

int

setBoundaryConditionForcingOption( BoundaryConditionForcingOption option )
Description:

option (input) : specify the form of the right-hand-sde for the boundary condition.
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45.16 getBoundaryConditionForcingOption

BoundaryConditionForcingOption
getBoundaryConditionForcingOption() const

Description:

Return value: the form of the right-hand-sde for the boundary condition.

4.6 How to write your own boundary conditions

If you need to assign a boundary condition that is not of the form of one of the implemented elementary
boundary conditions then you can write a loop something like the following

Index 1bl,1b2,1b3, I11g,12g9,13g, 11p,I12p,13p;
int myBoundaryCondition = .._;

// apply Boundary conditions
for( int axis=0; axis<mg.numberOfDimensions; axis++ )
for( int side=Start; side<=End; side++ )
{ // apply a BC :
if( mg.boundaryCondition(side,axis) == myBoundaryCondition )
{ 7/ Index’s for boundary values:
getBoundarylndex(mg.gridlndexRange,side,axis, 1bl,1b2,1b3);
// Index’s for first ghost line
getGhostlndex(mg.gridlndexRange,side,axis, lgl,192,1g3,1);
// Index’s for first interior line
getGhostindex(mg.gridlndexRange,side,axis, Ipl,1p2,1p3,-1);

u(lbl,1b2,1b3)=_._; // set boundary values
u(lgl,1g2,1g3)=u(lpl,Ip2,1p3); // set ghost values to first line in
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5 Implicit operators and Coefficient Matrices

The MappedG i dOper at or functions such as | apl aci anCoef fi ci ent, xCoef fi ci ent etc.
generate a “coefficient-matrix” (sparse matrix representation) for the indicated operator. In this section we
describe how coefficient-matrices can be created to define a system of equations for a PDE boundary-value
problem.

To create a coefficient matrix you should create a grid function in the following way

MappedGid ng; // from somewhere

int stencil Size=9; [l nunber of points in the stencil, 9 points assu
real MappedG i dFunction coeff(ng, stencil Size,all,all,all);

coeff.setl sACoefficientMatrix(TRUE, stencil Si ze);

From this declaration we see the the elements of the stencil are stored as

coeff(ml11,12,13) n=0,1,...,stencil Size-1
wher e
Index 11,12,13 > Index’s for the grid function coordi nate di nensi ons

Thus all the coefficients of the stencil are stored in the first component. For example, a nine point approx-
imation to the Laplace operator might be stored as

coeff(6,11,12,13)=0 coeff(7,11,12,13)=1 coeff(8,11,12,13)=0
coeff(3,11,12,13)=1 coeff(4,11,12,13)=-4 coeff(5,11,12,13)=1
coeff(0,11,12,13)=0 coeff(1,11,12,13)=1 coeff(2,11,12,13)=0

The typical user will not need to know exactly how the coefficients are stored (indeed, there is more than
one storage format). This representation of the sparse matrix should really be hidden. It is useful, however,
to have an idea of the format of the matrix coefficient array. The actual representation is stored in an object

of type Spar seRep. See section 5.7 for more details.
Once a coefficient-matrix grid-function has been declared, the sparse matrix representing a PDE
boundary value problem can be formed as follows

MappedGridOperators op(mg); // create some differential operator:
op-setStencilSize(stencilSize);
coeff_setOperators(op);

coeff=op.laplacianCoefficients(); // get the coefficients for the Lapl:
// fill in the coefficients for the boundary conditions
coeff_applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundaries); // equations on |

coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries); // equations on 1
coeff_finishBoundaryConditions();

In this example we form the Laplace operator with Dirichlet boundary conditions. By de-
fault one ghost-line is used so we must supply equations there. (See the description of the
MappedG i dFuncti on member function set | sACoef fi ci ent Matri x for details on how to
change the number of ghostlines that are used.) The coef f grid function can be give to a sparse ma-
trix solver, such as Oges. See the examples for more details.

Let us consider, in a bit more detail, what happens in the above example. Let us suppose that the we
are dealing with a simple one-dimensional grid corresponding to a line on the unit interval and that we
have one ghost line value. After the line coef f =op. | apl aci anCoef fi ci ent s(); isexecuted the



5 IMPLICIT OPERATORS AND COEFFICIENT MATRICES 54

sparse matrix will be filled in (at all interior points and boundary points) with a discrete approximation to
the Laplacian, resulting in a (sparse) representation for the following matrix

[0 0 0o ... i=—1 (ghostline)
0 L -2 L 0 . i=1
0 0 % - @ 0 i=2
0 koA k| i=W
i 0 0 0 | i=N+1 (ghostline)
So far no equation is applied at the ghost lines (first and last rows). Internally this ma-

trix is stored in a sparse fashion with only 3 values stored per row (actually we need 4 val-
ues per row in 1D since the extrapolation equations below use 4 points by default). Af-
ter the dirichlet boundary condition is applied with coef f. appl yBoundar yCondi ti on-
Coefficients(0,0,dirichlet,all Boundaries); the equation on the boundary will be re-
placed with the identity operator. The resulting matrix is

00 0 .. i=—1 (ghostline)
0 1 0 0o ... 1 =20
0 %5 —% 7 0 ... i=1
00 & —F & 0 i=2
0 0 1 0 i=N
i 0 0 0 i=N-+1 (ghostline)
Finally the values at the ghost points are assigned using extrapolation,
(1 -3 3 -1 | i=—1 (ghostline)
0 1 0 0o ... 1=10
0 % —-% % 0 i=1
00 5 —-% % 0 i=2
0 0 0 1 0 1=N
I 0 -1 3 -3 1] i=N+1 (ghostline)

If we wanted to apply a Neumann boundary condition we could have said

coeff=op.laplacianCoefficients(); // get the coefficients for the Lapl:
coeff_applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries); // equations on the ¢

coeff._finishBoundaryConditions();

which would result in the following matrix:

_$ O2 —12% 0o ... z::—l (ghostline)
A =1
0o 0 %5 -2 & 0 i=2
0 b | i=N
I 0 —3 0 5 i=N+1 (ghostline)
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Note that the equation is applied on the boundary and the Neumann condition is the equation that sits a
the ghost line.

Given one of the above matrices it is now apparent how we must fill-in the right-hand-side function
when we are going to solve a problem. In the dirichlet boundary condition case we should give the RHS
for the Laplace operator, u,, = f(z) at all interior points and the dirichlet BC values, © = g(z), on the
boundary (by default the Oges solver will fill in zero values at all extrapolation equations, otherwise we
would have to set the ghost line values to zero).

1 -3 3 -1 TTwus 1 TJO ]

0o 1 0 0o ... U g(xo)

0 % —% 2 O Uy f(z1)

00 7 —7% 72 0 Uy — | f(x2)
0 0o 0 1 0 (0 g(xn)
0 -1 3 -31 U1 0

In the neumann case we should give the RHS for the Laplace operator at the interior and the boundary
and we should give the RHS for the neumann condition, du/dn = k(x), at the ghost line. In this case the
RHS vector would look like

5% 0 ——5% 0 U_q k(xo)
0 1 0 0 . U f(zo)
0 72 =% 32 O Uy f(@1)
0 0 % —% = 0 Us — | flx2)
0 0 0O 1 0 un flzn)

| 0 0 —ﬁ 0 ﬁ 1L UN+1 ] L /{({KN> ]

For a system of equations the situation is a bit more complicated but as for a single equation all
coefficients of the stencil appear in the first component.

MappedGridOperators op(mg); // create some operators
op.setStencilSize(stencilSize);

op -setNumberOfComponentsForCoefficients(numberOfComponentsForCoefficients);
coeff_setOperators(op);

// Form a system of equations for (u,v)

// al( uxx +uyy) +a2* v x =7Ff0
// a3( v.xx +vyy) +ad*uy="~*1
// BC’s: u=given on all boundaries
// v=given on inflow

// v.n=given on walls

const int al=1., a2=2., a3=3., ad4=4.;
// const int al=1., a2=0., a3=1., a4=0.;

coeff=al*op.laplacianCoefficients(all,all,all,0,0)+a2*op.xCoefficients(all,all,all,0,1)
+a3*op.laplacianCoefficients(all,all,all,l,1)+ad4*op.yCoefficients(all,all,all,1,0);

coeff._applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries);
// coeff_display('Here is coeff after dirichlet/extrapolate BC’s for (0) ");
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coeff._applyBoundaryConditionCoefficients(l,1,dirichlet, inflow);
coeff._applyBoundaryConditionCoefficients(l,1,extrapolate, inflow);
coeff._applyBoundaryConditionCoefficients(l,1,neumann, wall);
// coeff.display('Here is coeff with dirichlet (0) and neumann BC’s on wall (1)");

coeff._finishBoundaryConditions();

See example 2 for more details.

5.1 Poisson’s equation on a MappedGrid

56

In this example we solve Poisson’s equation on a MappedGrid (file Over t ur e/ exanpl es/tcm C)

//=== ==

// Coefficient Matrix Example

// Solve Poisson’s equation on a MappedGrid

// o first solve with Dirichlet BC’s

// o secondly solve with Dirichlet on some sides and Neumann on others

//=== =

#include *"Overture.h"

#include ""MappedGridOperators.h"

#include '"Oges.h"

#include "'SquareMapping.-h"

#include "OGPolyFunction.h"

#define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
for( side=0; side<=1; side++ )

int

main(int argc, char *argv[])

{

Overture::start(argc,argv); // initialize Overture

int n=11;

// cout << "Enter Oges::debug, n (number of grid lines)\n";

// cin >> Oges::debug >> n;

// make some shorter names for readabil
BCTypes: :BCNames dirichlet

neumann

extrapolate

allBoundaries

SquareMapping map;

int numberOfGridLines=n;
map.setGridDimensions(axisl,numberOfGri
map.setGridDimensions(axis2,numberOfGri

MappedGrid mg(map);
int side;
for( side=Start; side<=End; side++ )

{
}

mg . setNumberOfGhostPoints(side,axisl,

mg . update(MappedGrid: :THEvertex | MappedGrid::THEcenter | MappedGrid

// label boundary conditions
const int inflow=1, outflow=2, wall=3;
mg.boundaryCondition() (Start,axisl)=inf

ity

dLines);
dLines);

2);

low;

BCTypes:
BCTypes:
BCTypes:
BCTypes:

:dirichlet,
neumann,
extrapolate,
allBoundaries;

1 :THEvertexBoundaryNo



5 IMPLICIT OPERATORS AND COEFFICIENT MATRICES S7

45 mg.boundaryCondition()(End ,axisl)=outflow;
46 mg.boundaryCondition() (Start,axis2)=wall;
47 mg-boundaryCondition()(End ,axis2)=wall;

43

49 // create a twilight-zone function for checking errors

50 int degreeOfSpacePolynomial = 2;

51 int degreeOfTimePolynomial = 1;

52 int numberOfComponents = mg.numberOfDimensions();

53 OGPolyFunction exact(degreeOfSpacePolynomial ,mg.numberOfDimensions(),numberOfComponents,
54 degreeOfTimePolynomial);

55

56

57 // make a grid function to hold the coefficients
58 Range all;

59 int stencilSize=int( pow(3,mg.numberOfDimensions()) );

60 realMappedGridFunction coeff(mg,stencilSize,all,all,all);

61 coeff._setlsACoefficientMatrix(TRUE,stencilSize);

62

63 // create grid functions:

64 realMappedGridFunction u(mg),f(mg);

65

66 MappedGridOperators op(mg); // create some differential operat
67 op.setStencilSize(stencilSize);

68 coeff.setOperators(op);

69

70 coeff=op. laplacianCoefficients(); // get the coefficients for the Laplace operator
71 if( Oges::debug & 64 )

72 coeff._display("'Here is coeff=laplacianCoefficients);

73

74 // Till in the coefficients for the boundary conditions

75 coeff_applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundaries);
76 coeff_applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries);
77 coeff._finishBoundaryConditions();

78

79 Oges solver( mg ); // create a solver

80 solver._setCoefficientArray( coeff ); // supply coefficients
81

82 // assign the rhs: u.xx+u.yy=Ff, u=exact on the boundary

83 Index 11,12,13, lal,la2,la3;

84 getlndex(mg.- indexRange(),11,12,13);

85

86 f(11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0);

87 int axis;

88 Index 1bl,1b2,1b3;

89 ForBoundary(side,axis)

90 {

91 if( mg.boundaryCondition()(side,axis) > 0 )

92 {

93 getBoundarylndex(mg.gridIndexRange(),side,axis, lbl,1b2,1b3);
94 f(1bl, Ib2,1b3)=exact(mg, I1bl,1b2,1b3,0);

95 }

96 }

97

98 solver.solve( u,f ); // solve the equations

99

100 // u.display('Here is the solution to u.xx+u.yy=f");
101 real error=0.;
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error=max(error,max(abs(u(11,12,13)-exact(mng,11,12,13,0))));
printf(*'"Maximum error with dirichlet bc’s= %e\n',error);

mg - boundaryCondition() (Start,axisl)=wall;
mg.boundaryCondition()(End ,axisl)=wall;
mg.boundaryCondition() (Start,axis2)=wall;
mg.boundaryCondition(Q(End ,axis2)=wall;

coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
// fill in the coefficients for the boundary conditions
coeff._applyBoundaryConditionCoefficients(0,0,dirichlet, inflow);

coeff._applyBoundaryConditionCoefficients(0,0,extrapolate, inflow);

coeff._applyBoundaryConditionCoefficients(0,0,dirichlet, outflow);
coeff_applyBoundaryConditionCoefficients(0,0,extrapolate,outflow);

coeff._applyBoundaryConditionCoefficients(0,0,neumann, wall);
coeff._finishBoundaryConditions();

f(11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0);

Index 1gl,192,193;
bool singularProblem=TRUE;
ForBoundary(side,axis)

{

iT( mg.boundaryCondition()(side,axis) ==wall )

{ // for Neumann BC’s -- fill in f on Ffirst ghostline
getBoundarylndex(mg.gridlindexRange(),side,axis, Ibl, b2, 1b3);
getGhostlndex(mg.gridIndexRange(),side,axis,lgl,1g2,1g3);
realArray & normal = mg.vertexBoundaryNormal (side,axis);
if( mg.numberOfDimensions()==2 )

f(lgl,I1g2,1g3)=
normal (Ibl, 1b2, 1b3,0)*exact.x(mg, Ibl,1b2,1b3,0)
+normal (1bl, Ib2,1b3,1)*exact.y(mg, 1bl,1b2,1b3,0);

else

f(lgl,l1g2,1g3)=
normal (I1bl, 1b2, 1b3,0)*exact.x(mg, Ibl, 1b2,1b3,0)
+normal (1bl, Ib2,1b3,1)*exact.y(mg, 1bl, Ib2,1b3,0)
+normal (1bl, Ib2,1b3,2)*exact.z(mg, 1bl, b2, 1b3,0);

¥
else if( mg.boundaryCondition()(side,axis) ==inflow || mg.boundaryCondition()(side,axi
{
singularProblem=FALSE;
getBoundarylndex(mg.gridlindexRange(),side,axis, Ibl, b2, 1b3);
f(1bl, Ib2, 1b3)=exact(mg, 1bl,1b2,1b3,0);
}
}

// if the problem is singular Oges will add an extra constraint equation to make the syst
iT( singularProblem )
solver.set(OgesParameters: : THEcompatibilityConstraint,TRUE);
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// Tell the solver to refactor the matrix since the coefficients have changed
solver ._setRefactor (TRUE);

// we need to reorder too because the matrix changes a lot for the singular case
solver.setReorder (TRUE) ;

iT( singularProblem )

{
// we need to First initialize the solver before we can fill in the rhs for the compatb
solver.initialize();
int ne,ile,i2e,i3e,gride;
solver.equationTolndex( solver.extrakEquationNumber(0),ne,ile,i2e,i3e,gride);
getindex(mg.dimension(),11,12,13);
f(ile,i2e,i13e)=sum(solver._rightNullVector[0] (11,12, 13)*exact(mg,11,12,13,0,0.));

}

solver.solve( u,f ); // solve the equations
getlndex(mg.indexRange(),lal,la2,1a3,1); // include ghost points
// mg.indexRange().display(‘'Here is mg.indexRange()'™);

// lal._display('Here is lal™);

error=max(error,max(abs(u(lal,la2,la3)-exact(mg,lal,la2,1a3,0))));

// abs(u(lal,la2,la3)-exact(mg,lal,la2,1a3,0)).display("abs(error)'™);
printf(*'"Maximum error with neumann bc’s= %e\n",error);

Overture::finish();
return(0);

5.2 Systems of Equations on a MappedGrid

In the general case one can define a matrix for a boundary-value problem for a system of equations....
In this example we generate the matrix corresponding to the following system of equations

aAu+ asv, —u = g
asAv +aguy, = g
u=go , v,=g¢g; Ontheboundary

Note the use of the i dent i t yCoef fi cent s operator.
(file Overt ur e/ exanpl es/ tcn. C

1 / /=== ==
2 // Coefficient Matrix Example

3 // Solve a system of equations on a MappedGrid

4 / /=== =
5 #include "Overture.h"

6 #include ""MappedGridOperators.h"

7 #include ""Oges.h"

8 #include '"SquareMapping.h

9 #include "AnnulusMapping.h"

10 #include "OGPolyFunction.h"

11  #include "display.h"

12

13 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \



5 IMPLICIT OPERATORS AND COEFFICIENT MATRICES 60

14 for( side=0; side<=1; side++ )

15 int

16 main(int argc, char *argv[])

17 {

18 Overture::start(argc,argv); // initialize Overture

19 // cout << "Enter Oges::debug\n"; cin >> QOges: :debug;

20

21 // make some shorter names for readability

22 BCTypes: :BCNames dirichlet = BCTypes::dirichlet,

23 neumann = BCTypes: :neumann,

24 extrapolate = BCTypes: :extrapolate,
25 allBoundaries = BCTypes::allBoundaries;
26

27 // AnnulusMapping map; // switch this with the line below to get an Annulus
28 SquareMapping map;

29 map.setGridDimensions(axisl,5);

30 map .setGridDimensions(axis2,5);

31

32 MappedGrid mg(map);
33 mg . update(MappedGrid: :THEvertex | MappedGrid::THEcenter | MappedGrid: :THEvertexBoundaryNo

35 // label boundary conditions

36 const int inflow=1, wall=2;

37 mg -boundaryCondition() (Start,axisl)=inflow;
38 mg.boundaryCondition()(End ,axisl)=inflow;

39 mg.boundaryCondition() (Start,axis2)=wall;

40 mg.boundaryCondition()(End ,axis2)=wall;

41

42 // create a twilight-zone function for checking errors

43 int degreeOfSpacePolynomial = 2;

44 int degreeOfTimePolynomial = 1;

45 int numberOfComponents = mg.numberOfDimensions();

46 OGPolyFunction exact(degreeOfSpacePolynomial,mg.numberOfDimensions(),numberOfComponents,
47 degreeOfTimePolynomial);

48

49 // make a grid function to hold the coefficients

50 Range all;

51 int stencilSize=int( pow(3,mg.numberOfDimensions()) );

52 int numberOfComponentsForCoefficients=2;

53 int stencilDimension=stencilSize*SQR(numberOfComponentsForCoefficients);

4 realMappedGridFunction coeff(mg,stencilDimension,all,all,all);

55 // make this grid function a coefficient matrix:

56 int numberOfGhostLines=1; // we will solve for values including the first ghostline
57 coeff._setlsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines, numberOfComponentsForCo
58 coeff=0.;

59

60 MappedGridOperators op(mg); // create some operators
61 op.setStencilSize(stencilSize);

62 op.setNumberOfComponentsForCoefficients(numberOfComponentsForCoefficients);

63 coeff._setOperators(op);

64

65 // Form a system of equations for (u,v)

66 // al( uxx +uyy) +a2*vx-u=*%f0O0

67 // a3( V.Xx + v.yy ) + ad*uy =f 1

68 // BC’s: u=given on all boundaries

69 // v=given on inflow

70 // v.n=given on walls
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const real al=1., a2=2., a3=3., a4=4.;
// const real al=1., a2=0., a3=1., a4=0.;

const int egn0=0; // labels equation 0O

const int eqnl=1; // labels equation 1

const int uc=0, vc=1l; // labels for the u and v components

coeff=al*op.laplacianCoefficients(all,all,all,eqn0,uc)+a2*op.xCoefficients(all,all,all,eq

-op.-identityCoefficients(all,all,all,egn0,uc)

+a3*op.laplacianCoefficients(all,all,all,eqgnl,vc)+ad*op.yCoefficients(all,all,all,eq

if( Oges:: debug & 4 )

display(coeff,""Here is coeff after assigning interior equations ","%5.2F ');

coeff._applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries);
if( Oges:: debug & 4 )

display(coeff,""Here is coeff after dirichlet/extrapolate BC’s for (0) ","%5.2F ');

coeff_applyBoundaryConditionCoefficients(l,1,dirichlet, inflow);
coeff_applyBoundaryConditionCoefficients(l,1,extrapolate, inflow);
coeff._applyBoundaryConditionCoefficients(l,1,neumann, wall);

if( Oges:: debug & 4 )
display(coeff,"Here is coeff with dirichlet (0) and neumann BC’s on wall (1)","%5.2Ff ')

coeff._finishBoundaryConditions();
realMappedGridFunction u(mg,all,all,all,2),f(mg,all,all,all,2);

Oges solver( mg ); // create a solver
solver._setCoefficientArray( coeff ); // supply coefficients to solver

// assign the right-hand-side

Index 11,12,13;

getiIndex(mg. indexRange(),11,12,13);
f(11,12,13,0)=al*(exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0))+a2*exact.x(mg,11,12,13
f(11,12,13,1)=a3*(exact.xx(mg,11,12,13,1)+exact.yy(mg,11,12,13,1))+ad*exact.y(mg,11,12,13

int side,axis;

Index 1bl,1b2,1b3;
Index 1g1,192,193;
ForBoundary(side,axis)

{

iT( mg.boundaryCondition()(side,axis) > 0 )

{
getBoundarylndex(mg.gridlindexRange(),side,axis, Ibl, b2, 1b3);
f(1bl, Ib2,1b3,0)=exact(mg, Ibl,1b2,1b3,0);
iT( mg.boundaryCondition()(side,axis)==inflow )

{
f(lbl, I1b2,1b3,1)=exact(mg, Ibl,1b2,1b3,1);

}

else

{
// for Neumann BC’s -- fill in T on first ghostline
getGhostlndex(mg.gridindexRange(),side,axis,lgl,1g2,1g3);
realArray & normal = mg.vertexBoundaryNormal (side,axis);
iT( mg.numberOfDimensions()==2 )

f(lgl,1g2,1g3,1)=
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normal (I1bl, 1b2, 1b3,0)*exact.x(mg, Ibl,1b2,1b3,1)

+normal (1bl, Ib2,1b3,1)*exact.y(mg, 1bl,1b2,1b3,1);
else
f(lgl,192,1g3,1)=

normal (Ibl, Ib2, Ib3,0)*exact.x(mg, 1bl,1b2,1b3,1)

+normal (1bl, Ib2, 1b3,1)*exact.y(mg, 1bl,1b2,1b3,1)
+normal (1bl, 1b2,1b3,2)*exact.z(mng, 1bl,1b2,1b3,1);
}

}
}

if( Oges:: debug & 4 )
display(f,"Here is the rhs');

solver.solve( u,f ); // solve the equations
getiIndex(mg.gridindexRange(),11,12,13,1);
display(u,'Here is the solution u","%5.2F ');

if( Oges:: debug & 4 )
display(exact(mg,11,12,13,Range(0,1)), "Here is the exact solution™);

for( int n=0; n<numberOfComponentsForCoefficients; n++ )

{

real error=0.;
display(evaluate(abs(u(l11,12,13,n)-exact(mg,11,12,13,n))),"Error including ghost points

error=max(error,max( abs(u(l11,12,13,n)-exact(mg,11,12,13,n))));
printf(*'"Maximum error for component %i is = %e\n'",n,error);

Overture::finish(Q);
return(0);

5.3 Poisson’s equation on a CompositeGrid

In this example we solve Poisson’s eqution on a CompositeGrid (file Over t ur e/ exanpl es/ t cn8. C)

;;::éoefficient Matrix Example -

// Using Oges to solve Poisson’s equation on a CompositeGrid

;; Usage: “tcm3 [<gridName>] [-solver=[yale][harwell][slap][petsc][mg]] [-debug=<value>] -n
;; The -check option is used for regression testing -- it will test various solvers on a
;; NOTE:

// To get PETSc log info, compile PETScEquationSolver with the destructor calling PetscFina

// and use the command line arg -log_summary

// memory usage: -trmalloc_log

//

//=== =

#include "Overture.h"
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16 #include "MappedGridOperators.h"
17 #include "Oges.h"

18 #include "CompositeGridOperators.h"
19 #include "SquareMapping.h"

20 #include "AnnulusMapping.h"

21 #include "0GTrigFunction.h"

22  #include "0GPolyFunction_h"

23 #include "SparseRep.h"

24 #include "display.h"

25 #include "Ogmg.h"

26 #include "Checker.h"

27 #include "PlotStuff.h"

28

29 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
30 for( side=0; side<=1; side++ )
31

32 bool measureCPU=TRUE;

33 real

34 CPUO

35 // In this version of getCPU we can turn off the timing

36 {

37 if( measureCPU )

38 return getCPUQ);

39 else

40 return 0;

41 3}

42

43 void

44  plotResults( PlotStuff & ps, Oges & solver, realCompositeGridFunction & u, realCompositeGri
45 // ==
46 // Plot results from Oges

47 /7 ==

48 {

49

50 GraphicsParameters psp;

51

52 aString answer;

53 aString menu[]=

o4 {

55 "solution",

56 “error",

57 “grid”,

58 "exit",

59 e

60 }:

61

62 for( ;; )

63 {

64 ps.getMenultem(menu,answer,''choose an option'™);
65 if( answer=="exit" )

66 {

67 break;

68 }

69 else if( answer=="solution”™ )
70 {

71 psp-set(Gl_TOP_LABEL,"Solution u');

72 Plotlt: :contour(ps,u,psp);
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else if( answer=="error" )

{
psp.set(Gl_TOP_LABEL, " error”);

Plotlt::contour(ps,err,psp);

else if( answer=="grid" )
{
psp-set(GI_TOP_LABEL,"grid™);
Plotlt::plot(ps,*u.getCompositeGrid(),psp);
}

int
main(int argc, char **argv)

{

Overture::start(argc,argv); // initialize Overture

cout << "Usage: tcm3 [<gridName>] [-solver=[yale][harwell][slap][petsc][mg]] [-debug=<val
"[-noTiming] [-check] [-trig] [-tol=<value>] [-order=<value>] [-plot] [-ilu=] [

const int maxNumberOfGridsToTest=3;

int numberOfGridsToTest=maxNumberOfGridsToTest;

astring gridName[maxNumberOfGridsToTest] = { ''square5', '‘cic", "sib" };

// here are upper bounds on the errors we expect for each grid. This seems the only relia
// way to compare results from different machines, especially for iterative solvers.
const real errorBound[maxNumberOfGridsToTest][2][2]=

{ 5.e-8,4.e-8, 5.e-7,9.e-7, [// square, dirichlet/neuman(DP) dir/neu(SP)
7.e-4,2.e-3, 7.e-4,2_.e-3, // cic
6.e-3,7.e-3, 6.e-3,7.e-3 // sib

const int precision = REAL_EPSILON==DBL_EPSILON ? O : 1;
int twilightZoneOption=0;

int solverType=0gesParameters::yale;

astring solver="yale";

astring iterativeSolverType="bi-cg";

bool check=false;

real tol=1.e-8;

int orderOfAccuracy=2;

int plot=0;

int iluLevels=-1; // -1 : use default

int problemsToSolve=1+2; // solve dirichlet=1 and neumann=2

int len=0;
ifCargc > 1)
{
for( int i=1; i<argc; i++ )
{
aString arg = argv[i];
if( arg==""-noTiming" )
measureCPU=FALSE;
else iT( len=arg.matches(''-debug="") )
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{
sScanF(arg(len,arg.length()-1),"%i",&0ges: :debug);
printf("'Setting Oges::debug=%i\n',0ges: :debug);

else if( len=arg.matches('-tol="") )

{
sScanF(arg(len,arg.length()-1),"%e",&tol);
printf('Setting tol=%e\n",tol);

else if( len=arg.matches("'-1lu=") )

{
sScanF(arg(len,arg.length()-1),"%i",&iluLevels);

printf('Setting ilu levels =%i\n",iluLevels);

else if( len=arg.matches("'-gmres'™) )

{ iterativeSolverType="gmres";

ilse iT( len=arg.matches("-dirichlet™) )

{ problemsToSolve=1; // just solve dirichlet problem
%Ise if( len=arg.matches("'-order=") )

sScanF(arg(len,arg.length()-1),"%i",&orderOfAccuracy);
if( orderOfAccuracy!=2 && orderOfAccuracy!=4 )
{
printf(""ERROR: orderOfAccuracy should be 2 or 4!\n');
Overture: :abort();

}

printf("'Setting orderOfAccuracy=%i\n",orderOfAccuracy);
}
else if( arg(0,7)=="-solver=" )
{

solver=arg(8,arg.length()-1);

if( solver=="yale"™ )
solverType=0gesParameters: :yale;

else if( solver=="harwell" )
solverType=0gesParameters: :harwell;

else if( solver=="petsc" || solver=="PETSc" )
solverType=0gesParameters: :PETSc;

else if( solver=="slap"™ || solver=="SLAP" )
solverType=0gesParameters: :SLAP;

else if( solver=="mg" || solver=="multigrid"” )
solverType=0gesParameters: :multigrid;

else

{

printf("'Unknown solver=%s \n",(const char*)solver);
throw "error';

}

printf(*'Setting solverType=%i\n",solverType);

}
else if( arg=="-plot" )

{
plot=true;

}
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else if( arg=="-check" )
{

check=true;
}
else if( arg=="-trig" )
{

twilightZoneOption=1;
}
else
{

numberOfGridsToTest=1;
gridName[0O]=argv[1];
}
}
}

if( Oges::debug > 3 )
SparseRepForMGF: :debug=3;

asString checkFileName;

iT( REAL_EPSILON == DBL_EPSILON )
checkFileName=""tcm3.dp.check.new"; // double precision
else

checkFileName=""tcm3.sp.check.new";
Checker checker(checkFileName); // for saving a check file.

PlotStuff ps(false,"tcm3™);

// make some shorter names for readability

BCTypes: :BCNames dirichlet = BCTypes: :dirichlet,
neumann = BCTypes: :neumann,
extrapolate = BCTypes: :extrapolate,

allBoundaries BCTypes: :allBoundaries;

int numberOfSolvers = check ? 2 :© 1;

real worstError=0.;

for( int sparseSolver=0; sparseSolver<numberOfSolvers; sparseSolver++ )

{
if( check )
{
if( sparseSolver==0 )
{
solver="yale";
solverType=0gesParameters: :yale;
}
else
{
solver="slap";
solverType=0gesParameters: :SLAP;
}
}

checker.setLabel (solver,0);

for( int it=0; it<numberOfGridsToTest; it++ )

{
asString nameOTfOGFile=gridName[it];
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checker .setlLabel (nameOfOGFile,1);

Cout << "\n *****************************************************************\n"-
’

cout << ' FxFxExkxk Checking grid: " << nameOFOGFile << ' *¥kkkkkkixsx \n';
COUt << " *kx *kkx *kx *kkx *kkx *kx *kkx *kx *kkx \n\n";

CompositeGrid cg;
getFromADataBase(cg,nameOfOGFile);
cg-update(MappedGrid: :THEmask | MappedGrid::THEvertex | MappedGrid::THEcenter | Mappe

if( Oges::debug >3 )
{
for( int grid=0; grid<cg-numberOfComponentGrids(); grid++ )
displayMask(cg[grid]-mask(), " mask™);
}

const int inflow=1, outflow=2, wall=3;

// create a twilight-zone function for checking the errors
OGFunction *exactPointer;
iT( twilightZoneOption==1 ||
min(abs(cg[0]-isPeriodic() (Range(0,cg.-numberOfDimensions()-1))-Mapping: :derivativ
{

// this grid is probably periodic in space, use a trig function
// real fx=2_, fy=2_, fz=2_;
real fx=1., fy=1., fz=1_;
// tx=.25, fy=.25, fz=.25;
printf("TwilightZone: trigonometric polynomial, fx=%9.3e, fy=%9.3e, fz=%9.3e\n",fXx,
exactPointer = new OGTrigFunction(fx,fy,fz);
}

else

{
printf("TwilightZone: algebraic polynomial\n');
// cg.changelnterpolationWidth(2);

int degreeOfSpacePolynomial = orderOfAccuracy;

int degreeOfTimePolynomial = 1;

int numberOfComponents = cg.numberOfDimensions();

exactPointer = new OGPolyFunction(degreeOfSpacePolynomial,cg.numberOfDimensions(),n
degreeOfTimePolynomial);

}

OGFunction & exact = *exactPointer;

// make a grid function to hold the coefficients

Range all;

const int width=orderOfAccuracy+1;

int stencilSize=int(pow(width,cg.numberOfDimensions())+1); // add 1 for interpolatio
realCompositeGridFunction coeff(cg,stencilSize,all,all,all);

const int numberOfGhostLines=orderOfAccuracy/2;
coeff._setlsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines);
coeff=0.;

// create grid functions:
realCompositeGridFunction u(cg),f(cg);
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301 f=0.; // for iterative solvers

302

303 CompositeGridOperators op(cg); // create some differential
304 op.setStencilSize(stencilSize);

305 op.setOrderOfAccuracy(orderOfAccuracy);

306 // op.setTwilightZoneFlow(TRUE);

307 // op.setTwilightZoneFlowFunction(exact);

308

309 f.setOperators(op); // for apply the BC

310 coeff.setOperators(op);

311

312 // cout << "op.laplacianCoefficients().className: " << (op.laplacianCoefficients()).-g
313 // cout << "-op.laplacianCoefficients().className: " << (-op-.laplacianCoefficients())
314

315 coeff=op. laplacianCoefficients(); // get the coefficients for the Laplace opera
316 // fill in the coefficients for the boundary conditions

317 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);

318 coeff_applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries);

319 BoundaryConditionParameters bcParams;

320 if( orderOfAccuracy==4 )

321 {

322 bcParams.ghostLineToAssign=2;

323 coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries,bcParams); /
324

325 coeff.finishBoundaryConditions();

326 // coeff._display(""Here is coeff after finishBoundaryConditions');

327

328 if( false )

329 {

330 int grid;

331 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

332 {

333 coeff[grid].sparse->classify.display(''the classify matrix after applying finishBo
334 // coeff[grid].display('this is the coefficient matrix™);

335 }

336 }

337

338

339 Oges solver( cg ); // create a solver

340 solver.setCoefficientArray( coeff ); // supply coefficients

341 solver.set(OgesParameters: :THEsolverType,solverType);

342 if( solver.isSolverlterative() )

343 {

344 solver.setCommandLineArguments( argc,argv );

345 if( iterativeSolverType=="gmres" )

346 solver.set(OgesParameters: :THEsolverMethod,OgesParameters: :generalizedMinimalRes
347 else

348 {

349 iT( solverType==0gesParameters::PETSc )

350 solver.set(OgesParameters: :THEsolverMethod,OgesParameters: :biConjugateGradientS
351 else

352 solver.set(OgesParameters: :THEsolverMethod,OgesParameters: :biConjugateGradient)
353 }

354

355 solver.set(OgesParameters: :THEpreconditioner ,OgesParameters: :incompleteLUPreconditi
356 solver._set(OgesParameters: :THErelativeTolerance,max(tol ,REAL_EPSILON*10.));

357 solver.set(OgesParameters: : THEmaximumNumberOflterations,10000);
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358 if( iluLevels>=0 )

359 solver.set(OgesParameters: :THEnumberOfIncompleteLULevels, iluLevels);

360 }

361

362 printf(C'\n === Solver:\n %s\n =====\n"", (const char*)solver.parameters.getSolverName(
363

364

365 // assign the rhs: Laplacian(u)=f, u=exact on the boundary

366 Index 11,12,13, lal,la2,la3;

367 int side,axis;

368 Index 1bl,1b2,1b3;

369 int grid;

370

371 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

372 {

373 MappedGrid & mg = cg[grid];

374 // mg.mapping() -getMapping() -getGrid();

375 // printf("" signForJacobian=%e\n",mg.mapping() -getMapping() .getSignForJacobian());
376

377

378 getlndex(mg.indexRange(),11,12,13);

379

380 if( cg-numberOfDimensions()==1 )

381 flgrid](11,12,13)=exact.xx(mg,11,12,13,0);

382 else if( cg.numberOfDimensions()==2 )

383 flgrid] (11,12, 13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0);

384 else

385 flgrid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0)+exact.zz(mg, 11,
386

387 ForBoundary(side,axis)

388 {

389 iT( mg.boundaryCondition()(side,axis) > 0 )

390 {

391 getBoundarylndex(mg.gridlndexRange(),side,axis, Ibl, 1b2,1b3);

392 // f[grid](lbl,1b2,1b3)=exact(mg,1bl,b2,1b3,0);

393 f[grid].applyBoundaryCondition(0,BCTypes: :dirichlet,BCTypes: :boundary(side,axis
394 }

395 }

396 }

397 // F_applyBoundaryCondition(0,BCTypes: :dirichlet,BCTypes::allBoundaries,0.);
398 // f._display('Here is ");

399

400 // Ogmg: :debug=7;

401

402 u=0.; // initial guess for iterative solvers

403 real time0O=CPUQ);

404 solver.solve( u,f ); // solve the equations

405 real time=CPU()-time0;

406 printf("\n*** max residual=%8.2e, time for 1st solve of the Dirichlet problem = %8.2e
407 solver ._getMaximumResidual (), time,solver.getNumberOflterations());

408

409 // solve again

410 if( false )

411 {

412 u=0.;

413 time0=CPUQ);

414 solver.solve( u,f ); // solve the equations
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415 time=CPU()-timeO0;

416 printf(""\n*** max residual=%8.2e, time for 2nd solve of the Dirichlet problem = %8.
417 solver .getMaximumResidual (), time,solver_getNumberOflterations());

418 }

419

420

421 const int numberOfGridsPoints=max(1,cg.numberOfGridPoints());

422 const real solverSize=solver.sizeOf();

423 printf(""\n. .. .. solver: size = %8.2e (bytes), grid-pts=%i, reals/grid-pt=%5.2F \n",
424 solverSize,numberOfGridsPoints,solverSize/(numberOfGridsPoints*sizeof(real))
425

426 // u._display('Here is the solution to Laplacian(u)=f");

427 realCompositeGridFunction err(cg);

428 err=0.;

429 real error=0.;

430 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

431 {

432 getindex(cg[grid].indexRange(),11,12,13,1);

433 where( cg[grid]-maskQ(11,12,13)!=0 )

434 err[grid](11,12,13)=absu[grid] (11,12, 13)-exact(cg[grid],11,12,13,0));

435

436 error=max(error, max(err[grid](11,12,13))/max(abs(exact(cg[grid],11,12,13,0))) );
437 if( Oges::debug & 8 )

438

439 display(err[grid],"abs(error on indexRange +1)');

440 // abs(u[grid](11,12,13)-exact(cg[grid],11,12,13,0)).display("'abs(error)');

441 }

442 }

443 printf("'Maximum relative error with dirichlet bc’s= %e\n",error);

444 worstError=max(worstError,error);

445

446 checker.setCutOff(errorBound[it][precision][0]); checker.printMessage('dirichlet: err
447

4418 if( plot )

449 {

450 ps.-createWindow('tcm3'™);

451 plotResults( ps,solver,u,err );

452 }

453

454 /) ————- Neumann BC’s ----

455 iT( (problemsToSolves2) % 2 ==1 )

456 {

457

458 coeff=0.;

459 coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace opera
460 // FTill in the coefficients for the boundary conditions

461 coeff.applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries);

462 if( orderOfAccuracy==4 )

463 coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries,bcParams); /
464

465 coeff.finishBoundaryConditions();

466

467 Index 1g1,1g2,1g3;

468 bool singularProblem=TRUE;

469

470 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

471 {
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MappedGrid & mg = cg[grid];
getindex(mg.indexRange(),11,12,13);
iT( mg.numberOfDimensions()==1 )

Fflgrid](11,12,13)=exact.xx(mg,11,12,13,0);

else if( mg.numberOfDimensions()==2 )

Fflgrid] (11,12, 13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0);

else

fLorid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0)+exact.zz(mg, 11,

ForBoundary(side,axis)
{

if( mg.boundaryCondition()(side,axis) > 0 )

{ 7/ for Neumann BC’s -- Fill in F on first ghostline
getBoundarylndex(mg.gridlndexRange(),side,axis, Ibl, 1b2,1b3);
getGhostindex(mg.-gridlndexRange(),side,axis,lgl,1g2,1g3);
realArray & normal = mg.vertexBoundaryNormal (side,axis);
if( mg.numberOfDimensions()==1 )

flgrid](lgl,1g2,1g3)=(2*side-1)*exact.x(mg, Ibl,1b2,1b3,0);
else if( mg.numberOfDimensions()==2 )
flgrid](lgl,192,1g3)=
normal (1bl, 1b2,1b3,0)*exact.x(mg, Ibl,1b2,1b3,0)
+normal (1bl,1b2,1b3,1)*exact.y(mg, 1bl,1b2,1b3,0);
else
flgrid](lgl,192,193)=
normal (1bl, 1b2,1b3,0)*exact_x(mg, Ibl,1b2,1b3,0)

+normal (1bl, 1b2,1b3,1)*exact.y(mg, 1bl,1b2,1b3,0)
+normal (1bl,1b2,1b3,2)*exact.z(mg, 1bl, 1b2,1b3,0);
}
else if( mg.boundaryCondition()(side,axis) ==inflow || mg-boundaryCondition()(si
{
singularProblem=FALSE;
getBoundaryIndex(mg.gridlndexRange(),side,axis,1bl,1b2,1b3);
Fflgrid](Ibl, Ib2, Ib3)=exact(mng, Ibl,1b2,1b3,0);
}
by

}

// if the problem is singular Oges will add an extra constraint equation to make the
if( singularProblem )

solver.set(OgesParameters: :THEcompatibilityConstraint,TRUE);
// Tell the solver to refactor the matrix since the coefficients have changed
solver.setRefactor(TRUE);
// we need to reorder too because the matrix changes a lot for the singular case
solver.setReorder(TRUE);

if( singularProblem )

{
// we need to first initialize the solver before we can fill in the rhs for the com
solver.initialize();
int ne,ile,i2e,i3e,gride;

solver.equationTolndex( solver.extrakEquationNumber(0),ne,ile,i2e,i3e,gride);
// printf('extra equation at (il1,i2,i3,grid)=C%i,%1,%i,%i)\n",ile,i2e,i3e,gride);
// display(solver.rightNullVector[gride],"solver._rightNullVector[grid]');

f[gride](ile,i2e,i3e)=0.;
for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

{
getlndex(cg[grid]-dimension(),11,12,13);
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529 f[gride](ile,i2e,i3e)+=sum(solver.rightNullVector[grid] (11,12, 13)*exact(cg[grid],
530 }

531 }

532

533 u=0.; // initial guess for iterative solvers

534 time0=CPUQ);

535 solver.solve( u,f ); // solve the equations

536 time=CPU()-time0;

537 printf("'residual=%8_.2e, time for 1st solve of the Neumann problem = %8.2e (iterations
538 solver.getMaximumResidual (), time,solver.getNumberOflterations());
539

540 // turn off refactor for the 2nd solve

51 solver.setRefactor(FALSE);

542 solver.setReorder (FALSE);

543 // u=0.; // initial guess for iterative solvers

544 time0=CPUQ);

545 solver.solve( u,f ); // solve the equations

546 time=CPU()-time0;

547 printf("'residual=%8.2e, time for 2nd solve of the Neumann problem = %8_.2e (iterations
548 solver._getMaximumResidual (), time,solver._getNumberOflterations());
549

550 error=0.;

551 err=0_;

552 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

553 {

554 getindex(cg[grid].indexRange(),11,12,13);

555 where( cg[grid].maskQ(11,12,13)!=0 )

556 err[grid](11,12,13)=abs(u[grid] (11,12, 13)-exact(cg[grid],11,12,13,0));
557

558 error=max(error, max(err[grid](11,12,13))/max(abs(exact(cg[grid],11,12,13,0))) );
559 if( Oges::debug & 32 )

560 {

561 getindex(cg[grid].dimension(),11,12,13);

562 u[grid].display('Computed solution');

563 exact(cg[grid],11,12,13,0).display("exact solution');

564 err[grid](11,12,13) .display("abs(error)');

565 }

566 }

567 printf("'Maximum relative error with neumann bc’s= %e\n",error);

568 worstError=max(worstError,error);

569

570 checker.setCutOff(errorBound[it][precision][1]); checker.printMessage(''neumann: error
571

572 }

573

574 if( plot )

575 plotResults( ps,solver,u,err );

576

577 } 7/ end it (number of grids)

578

579

580

581 } // end sparseSolver

582

583

585 if( worstError > .025 )
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586 printf(’" **dxxdkkkkdixx Warning, there is a large error somewhere, worst error =le ****
587 worstError);

588 else

589 printf(’" *x**xxixitixitrx Test apparently successful, worst error =§he **x*rrikiirtirtir \
590 printf(” Fekekek Fekkex xokex Fekkek Fekkex Fekkek ek ke ke gy **
591

592

593 Overture: :finish();

594

595 return(0);

596 }

597

598

5.4 Systems of equations on a CompositeGrid
(file Overt ur e/ exanpl es/tcmt. C

1 /=== ==
2 // Coefficient Matrix Example

3 // Solve a System of Equations on a CompositeGrid

4 //

5 // Usage: “tcmd4 [<gridName>] [-solver=[yale][harwell][slap]l[petsc]] [-debug=<value>] -noTinm
6 / /=== =
7 #include "Overture.h"

8 #include "Oges.h"

9 #include "CompositeGridOperators.h"

10 #include "OGPolyFunction._h"

11

12 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
13 for( side=0; side<=1l; side++ )

14 bool measureCPU=TRUE;

15 real

16  CPUQ

17 /7 In this version of getCPU we can turn off the timing

18 {

19 if( measureCPU )

20 return getCPUQ);

21 else

22 return 0O;

23 3}

24 int

25 main(int argc, char **argv)

26 {

27 Overture::start(argc,argv); // initialize Overture

28

29 const int maxNumberOfGridsToTest=3;
30 int numberOfGridsToTest=maxNumberOfGridsToTest;
31 astring gridName[maxNumberOfGridsToTest] = { '"'square5', '‘cic', "sib" };
32
33 int solverType=0OgesParameters::yale;
34 ifCargc > 1)
35 {
36 for( int i=1; i<argc; i++ )
37 {
38 aString arg = argv[i];

39 if( arg==""-noTiming" )
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}

meas

ureCPU=FALSE;

else if( arg(0,6)==""-debug="")

{

sScanF(arg(7,arg.length()-1),"%i",&0ges: :debug);
printf('Setting Oges: :debug=%i\n",0ges: :debug);

else if( arg(0,7)=="-solver="" )

{
aStr

if(
so
else
so
else
so
else
so
else
{
pr
th
}

ing solver=arg(8,arg.length()-1);
solver=="yale" )
lverType=0OgesParameters::yale;
if( solver=="harwell" )
lverType=0gesParameters: :harwell;
if( solver=="slap" )
lverType=0gesParameters: :SLAP;
if( solver=="petsc" )
lverType=0gesParameters: :PETSc;

intf('Unknown solver=%s \n',(const char*)solver);
row "error’;

printf("'Setting solverType=%i\n",solverType);

}

else
{
numb
grid
3
}

else

cout <<

erOfGridsToTest=1;
Name[O]=argv[1];

"Usage: “tcm4 [<gridName>] [-solver=[yale][harwell][slap][petsc]] [-debug=<valu

// make some shorter names for readability
BCTypes: :BCNames

dirichlet = BCTypes::dirichlet,
neumann = BCTypes: :neumann,
extrapolate = BCTypes: :extrapolate,
normalComponent = BCTypes: :normalComponent,
aDotU = BCTypes::-abDotU,

generalizedDivergence
generalMixedDerivative
abotGradu
vectorSymmetry
allBoundaries

BCTypes: :generalizedDivergence,
BCTypes: :generalMixedDerivative,
BCTypes: :aDotGradu,

BCTypes: :vectorSymmetry,
BCTypes: :allBoundaries;

real worstError=0.;
for( Int it=0; it<numberOfGridsToTest; it++ )

{

astring

cout <<

cout << "
cout << "

nameOFOGFile=gridName[it];

"\n * kXX * kXX * kXX * kXX * kXX *XAkxx *hkx * kXX * kXX \n"-
]

e e FeFeFe Fe oK Checking grid: "< namEOfOGFi|e << "o FRAAkAKk ALKk AK \n";

*****************************************************************\n\n "wa
£
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//

CompositeGrid cg;
getFromADataBase(cg,nameOfOGFile);
cg.-update(MappedGrid: :THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundary

const int inflow=1, outflow=2, wall=3;

int grid;
for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
{

if( cg[grid].-boundaryCondition()(Start,axisl) > 0 )
cg[grid].boundaryCondition()(Start,axisl)=inflow;
if( cg[grid].boundaryCondition(Q(End ,axisl) > 0 )
cg[grid]-boundaryCondition()(End ,axisl)=inflow;
if( cg[grid].-boundaryCondition()(Start,axis2) > 0 )
cg[grid].-boundaryCondition() (Start,axis2)=wall;
if( cg[grid].boundaryCondition(Q(End ,axis2) > 0 )
cg[grid].boundaryCondition(Q)(End ,axis2)=wall;

// create a twilight-zone function

int degreeOfSpacePolynomial = 2;

int degreeOfTimePolynomial = 1;

int numberOfComponents = 2;

OGPolyFunction exact(degreeOfSpacePolynomial,cg.numberOfDimensions(),numberOfComponents
degreeOfTimePolynomial);

Range all;

// make a grid function to hold the coefficients

int stencilSize=int( pow(3,cg.numberOfDimensions())+1 ); // add 1 for interpolation eq
int stencilDimension=stencilSize*SQR(numberOfComponents);

realCompositeGridFunction coeff(cg,stencilDimension,all,all,all);

// make this grid function a coefficient matrix:

int numberOfGhostLines=1;

coeff._setlsACoefficientMatrix(TRUE, stencilSize,numberOfGhostLines, numberOfComponents);
coeff=0_;

// create grid functions:
realCompositeCGridFunction u(cg,all,all,all,numberOfComponents),
f(cg,all,all,all,numberOfComponents);

CompositeGridOperators op(cg); // create some differential o
op -setNumberOfComponentsForCoefficients(numberOfComponents);

u.setOperators(op); // associate differential operators wi
coeff.setOperators(op);

// Solve a system of equations for (u_O,u_ 1) = (u,v)
// al( uxx +uyy) +a2*xvx=710
// a3( vxxx+vyy)+ad*ruy=°F1
const real al=1., a2=2., a3=3., ad4=4._;
const real al=1., a2=0., a3=1., a4=0.;

Range e0(0,0), el(1,1); // e0 = first equation, el=second equation

Range c0(0,0), cl1(1,1); // cO = first component, cl = second component

coeff=al*op.laplacianCoefficients(e0,c0)+a2*op.xCoefficients(e0,cl)
+a3*op. laplacianCoefficients(el,cl)+ad*op.yCoefficients(el,c0);

coeff._applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
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154 coeff._applyBoundaryConditionCoefficients(0,0,extrapolate,allBoundaries);
155

156 coeff.applyBoundaryConditionCoefficients(l,1,dirichlet, allBoundaries);
157 coeff.applyBoundaryConditionCoefficients(l,1,extrapolate,allBoundaries);
158 /* --

159 coeff_applyBoundaryConditionCoefficients(l,1,dirichlet, inflow);

160 coeff._applyBoundaryConditionCoefficients(l,1,extrapolate, inflow);

161 coeff._applyBoundaryConditionCoefficients(l1,1,neumann, wall);

162 -— */

163

164 coeff._finishBoundaryConditions();

165 if( Oges::debug & 16 )

166 coeff._display(''Here is coeff after finishBoundaryConditions');

167

168 Oges solver( cg ); // create a solver

169 solver.setCoefficientArray( coeff ); // supply coefficients

170 solver.set(OgesParameters: :THEsolverType,solverType);

171 if( solverType==0gesParameters::SLAP || solverType==0gesParameters::PETSc )
172 {

173 solver.set(OgesParameters: :THEpreconditioner ,OgesParameters: :incompleteLUPrecondition
174 solver.set(OgesParameters: :THEtolerance,max(1.e-8,REAL_EPSILON*10.));
175 }

176

177 // assign the rhs: u=exact on the boundary

178 Index 11,12,13, lal,la2,l1a3;

179 int side,axis;

180 Index 1bl,1b2,1b3;

181 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

182 {

183 MappedGrid & mg = cg[grid];

184 getlndex(mg.indexRange(),11,12,13);

185

186 f[grid](11,12,13,0)=al*(exact.xx(mg,11,12,13,0)+exact.yy(mg,11,12,13,0))+a2*exact.x(m
187 florid](11,12,13,1)=a3*(exact.xx(mg,11,12,13,1)+exact.yy(mg,11,12,13,1))+ad*exact.y(m
188 iT( cg.numberOfDimensions()==3 )

189 {

190 f[ogrid](11,12,13,0)+=al*exact.zz(mg,11,12,13,0);

191 f[ogrid](11,12,13,1)+=a3*exact.zz(mg,11,12,13,1);

192 }

193

194 ForBoundary(side,axis)

195 {

196 if( mg.boundaryCondition()(side,axis) > 0 )

197 {

198 getBoundarylndex(mg.gridlndexRange(),side,axis, Ibl,1b2,1b3);

199 f[grid](1bl, Ib2,1b3,0)=exact(mg, Ibl, I1b2,1b3,0);

200 f[grid](1bl,1b2,1b3,1)=exact(mg, 1bl,1b2,1b3,1);

201 }

202 }

203 }

204

205 u=0.; // for interative solvers.

206 real timeO=getCPU();

207 solver.solve( u,f ); // solve the equations

208

209 printf(“'residual=%8.2e, time for solve = %8.2e (iterations=%i)\n",

210 solver.getMaximumResidual () ,getCPU()-time0,solver.getNumberOflterations());
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// u.display("'Here is the solution to u.xx+u.yy=f");
for( int n=0; n<numberOfComponents; n++ )

{

real error=0.;

for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )

{
getindex(cglgrid].-indexRange(),11,12,13);
realArray err = (u[grid](11,12,13,n)-exact(cg[grid],11,12,13,n))/max(abs(exact(cgl[g
where( cg[grid].-maskQ(11,12,13)!1=0 )
{

+
if( Oges::debug & 4 )
abs(u[grid](11,12,13,n)-exact(cg[grid],11,12,13,n)).display("abs(error)™);

error=max(error,max(abs(err)));

}

printf("'Maximum relative error in component %i with dirichlet bc’s= %e\n",n,error);
worstError=max(worstError,error);

}

} // end loop over grids
Printf(\n\n kst jalalale jalalale jalalale alalalalaiaialaloloiale FFFAA A aloiele *x
if( worstError > 025 )
printf(’" ***xxkikxxiixx Warning, there is a large error somewhere, worst error =%e ****
worstError);

else
printf(” ialale *** Test apparently successful, worst error =%e **** oliakel *RH\

p r i ntf(' T A A A A A A A A A A A A A A A A A A A A A A A A A AA A AA A AR AAAAAAAAAAAAAAAAALAAAAAAAAAAAAAAA AR A AR Ad XA dhhk

Overture::finish();
return(0);

5.5 Solving Poisson’s equation to fourth-order accuracy

Thefile Overt ur e/ exanpl es/ t cnr der 4. Cshows how to solve an elliptic problem to fourth-order
accuracy. In this case we use two ghost lines (really only needed for Neumann boundary conditions). We
need to tell the operators to use fourth order and we need to build the coefficient matrix using 2 ghost lines.
In order to extrapolate the second ghost line we use a Boundar yCondi t i onPar anet er s object. The
order of extrapolation will be set to the order of accuracy plus one, by default. This example will only
work with version 15 or later.

5.6 Multiplying a grid function or array times a coefficient matrix

Suppose one wants to form the variable coefficient operator such as

In order to multiply a grid function (or array of the correct shape) times a coefficient matrix one can use
the mul t i pl y function as illustrated in the next example

MappedGid ng(...);
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Range all;
MappedG i dOperators op(ng);
real MappedG i dFunction coeff(ng,9,all,all,all);

Index 11,12,13;
get I ndex(ng. di mension, 11,12,13); /1l define Index’s for the entire grid
/[l formthe operator x d/dx + y d/dy

Real Array x,Yv;

x=ng.vertex(11,12,13,0); // nmake a copy since we cannot pass a view to nult
y=ng.vertex(l11,12,13,1);

coeff= multiply(x, op.xCoefficients()) + multiply(y,op.yCoefficents());

One cannot use the normal multiplication operator, %, because the array operations would not be con-
formable. Since the nmul ti pl y reshapes it’s first argument in order to multiply it times the second
argument one cannot pass a view of an array as the first argument of the multiply function. Passing
a view will result in an A++ errror.

A mul ti ply function is also defined for multiplying a scalar r eal Conposi t eG i dFuncti on
times ar eal Conposi t eG i dFunct i on coefficient matrix.

5.7 SparseRep: Define a Storage Format for a Sparse Matrix

This section is primarily for the use of people who are writing new Operator classes. Normal beings may
not want to read this.

The class Spar seRepFor MG defines the sparse representation for coefficient-matrix MappedGrid-
Function. A coefficient matrix contains a pointer to a Spar seRepFor M&F. This object holds all the
information that defines how the stencil is stored in the first component. For example this object will
know that the value coef f (m i 1,1 2, i 3) isthe coefficient that multiples the grid function value at the
point (i 1’ ,1 2,1 3"). To save this information in a compact form, each point on the grid is given an
equation number, (stored in the i nt MappedG i dFuncti on equat i onNunber ), so that instead of
saving the three numbers (i 1’ ,i 2", i 3" ) only asingle equationNumber need be saved.

The Spar seRepFor MG object also contains an i nt MappedG i dFuncti on cl assify. The
cl assi fy array holds a value for each point on the grid to indicate the kind of equation (i nt eri or,
boundary, extrapol ati on,i nt er pol ati on...) that is being applied at that point. This informa-
tion can be used by a sparse solver (such as Oges) to automatically zero out the right-hand-side for certain
equations, such as extrapolation.

Here is how Spar seRep is used by the grid function classes.

If we have a real MappedG i dFunction coeff or a real ConpositeG i dFuncti on
coef f then the statement

coeff.setl sACoefficientMatrix(TRUE);

will cause a Spar seRep object to be created (and coeff will keep a pointer to it). The Spar seRep
object will be initialized with a call to Spar seRep: : updat eToMat chG i d. This will give initial
values to the cl assi fy and equat i onNunber arrays assuming a standard stencil.

When coef f is filled in with values for the interior with a statement like
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coef f=op. | apl aci anCoeffi cients();

then normally the default values for the cl assi fy and equat i onNunber arrays will be correct.
However, when the boundary conditions are filled in with a statment like

coef f. appl yBoundar yCondi ti onCoef fi ci net s(0, neumann, ...);

then the default values for the cl assi fy and equat i onNunber arrays will have to be changed. (On
a vertex grid the neumann boundary condition is the equation for the ghost-line but it is centred on the
boundary and thus the default equation numbers are wrong.) For some examples look at the implementa-
tion of the appl yBoundar yCondi t i onCoef fi ci ent s in the file Boundar yOper ators. C.

If coef f isareal MappedG i dFunct i on then the statement

coef f. fini shBoundaryConditions();

will add extrapolation equations at corners and insert equations for periodic boundary conditions.
If coef f isareal Conposi teG i dFuncti on then the statement

coeff. fini shBoundaryConditions();

will call coef f[ gri d].fini shBoundaryConditions() for each component grid function and
in addition it will add in the interpolation equations to coef f .

5.7.1 Public enumerators

Here are the public enumerators:

classifyTypes: This enumerator contains a list of classify types.. Any non-negative value indicates a used
point. Negative values are equations with zero for the rhs

enum classifyTypes

{
interior=1,
boundary=2,
ghost1=3,
ghost2=4,
ghost3=5,
ghost4=6,
interpolation=-1,
periodic=-2,
extrapolation=-3,
unused=0

5.7.2 Constructors

SparseRepForMGF()
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5.7.3 indexToEquation

int

indexToEquation(int n, intil, inti2, inti3)

Description: Return the equation number for given indices

n (input): component number ( n=0,1,..,numberOfComponents-1)
11,i2,i3 (input): grid indices

Return value: The equation number.

5.7.4 setCoefficientIndex
int
setCoefficientindex(const int & m,

const int & na, const Index & I1a, const Index & 12a, const Index & 13a,
const int & nb, const Index & 11Db, const Index & 12b, const Index & 13b)

Description: Assign row and column numbers to entries in a sparse matrix. Rows and columns in the
sparse matrix are numbered according to the values of (n,11,12,13) where n is the component number
and (11,12,13) are the coordinate indicies on the grid. The component number n runs from 0 to the
numberOfComponentsForCoefficients and is used when solving a system of equations.

m (input): assign row/column values for the m’th entry in the sparse matrix
na,lla,12a,13a (input): defines the row(s)

Nb,11b,12b,13b (input): defines the column(s)

5.7.5 setCoefficientIndex
int
setCoefficientIndex(const int & m,

const int & na, const Index & 11a, const Index & 12a, const Index & 13a,
const int & equationNumberOQ )

Description: Assign row and column numbers to entries in a sparse matrix. This routine is normally only
used for assign equation numbers on CompositeGrid’s when the equationNumber belongs to a point
on a different MappedGrid. Rows and columns in the sparse matrix are numbered according to the
values of (n,11,12,13) where n is the component number and (11,12,13) are the coordinate indicies on
the grid. The component number n runs from 0 to the numberOfComponentsForCoefficients and is
used when solving a system of equations.

m (input): assign row/column values for the m’th entry in the sparse matrix
na,l1a,12a,13a (input): defines the row(s)

equationNumber (input): defines an equation number
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5.7.6 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Return number of bytes allocated by this object; optionally print detailed info to a file

file (input) : optinally supply a file to write detailed info to. Choose file=stdout to write to standard
output.

Return value: the number of bytes.

5.7.7 updateToMatchGrid

int

updateToMatchGrid(MappedGrid & mg,
int stencilSize0 = unchanged,
int numberOfGhostLinesO = unchanged,
int numberOfComponents0 = unchanged,
int offset0 = unchanged)

Description: Initialize the equationNumber and classify arrays. The equation number array is initialized
according to value of stencilSize. The stencil width will be chosen to be pow(stencilSize,1/d) where
d is the number of space dimensions. Thus

o If 3¢ < stencilSize < 5¢ (d=space dimension) then the stencil is assumed to be a standard 3¢
stencil and the first 3¢ entries are initialized in the standard form. Any excess entries are given
an equation number of 0 (unused).

o If 5¢ < stencilSize < 7¢ then the stencil is assumed to be a standard 5¢ setncil and initialized
in the standard form. Any excess entries are given an equation number of 0 (unused).

e etC.
o If stencilSize is less than 3¢ then equationNumber array is set to zero.

mg (input): update to match this grid.

stencilSize0 (input): maximum size for the stencil (for each component). By default (i.e. if no value is
specified then stencilSize0 remains unchanged from its current value. (It is initially set to 9).

numberOfComponents0 (input): number of components. By default (i.e. if no value is specified then
numberOfComponentsO remains unchanged from its current value. (It is initially set to 1).

offsetO (input): offset equation numbers by this amount. By default (i.e. if no value is specified then
offset0 remains unchanged from its current value. (It is initially set to 0).

5.7.8 setParameters

void

setParameters(int stencilSize0 = unchanged,
int numberOfGhostLines0 = unchanged,
int numberOfComponents0 = unchanged,
int offset0 = unchanged)
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Description: Set various parameters. Use this routine if you want to set the properties of the SparseRep
object before you have a MappedGrid. You must call updateToMatchGrid for these values to take
effect.

stencilSize0 (input): maximum size for the stencil (for each component). By default (i.e. if no value is
specified then stencilSize0 remains unchanged from its current value. (It is initially set to 9).

numberOfComponents0 (input): number of components. By default (i.e. if no value is specified then
numberOfComponentsO remains unchanged from its current value. (It is initially set to 1).

offsetO (input): offset equation numbers by this amount. By default (i.e. if no value is specified then
offset0 remains unchanged from its current value. (It is initially set to 0).

5.7.9 setClassify
int
setClassify(const classify Types & type,
const Index & 11, const Index & 12, const Index & 13, const Index & N)

Description: Specify the classification for a set of Index values

5.7.10 equationTolndex

int

equationTolndex( const int eqnNo, int & n, int & i1, int & i2, int & i3)

Description: Convert an Equation Number to a point on a grid (Inverse of indexToEquation)
egnNoO (input): equation number

n (output): component number ( n=0,1,..,numberOfComponents-1)

11,i2,i3 (output): grid indices

5.7.11 fixUpClassify
int
fixUpClassify(realMappedGridFunction & coeff)

Description: Fixup up the classify array to take into account the mask array and periodicity

coeff (input): The coefficient matrix
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6 Fourier Operators

6.1 General Info

Use this class to perform various operations on the Fourier transform of a real valued function such as
o forward and reverse transforms
e derivatives and integrals in fourier space

This class can be used to implement (pseudo) spectral appoximations to PDEs. The Overture class
MappedGridOperators uses this class to compute spectral derivatives.

The fourier transform is represented as a real transform (sine-cosine).

By default the elements of the arrays that we operate on are u(0:nx-1,0:ny-1,0:nz-1,C) where C'is a
Range that species which components to operate on. (The array dimensions can be different from 0:nx-1,
etc.). This can be changed to the form u(R1, R2, R3, C') where R1 has length nz, R2 has length ny and
R3 has length nz.

In practice you may keep a duplicate point in the array. You may declare an array to be
u(0:nx,0:ny,0:nz) where u(0,all,all) == u(nx,all,all) These routines only change the values u(0:nx-1,0:ny-
1,0:nz-1,C).

6.2 Constructors

FourierOperators(const int & numberOfDimensions._,
const int & nx_,
constint & ny_ =1,
constint & nz_=1)

Description: Define the number of space dimensions and the number of grid points.
numberOfDimensions_: The number of space dimensions (1,2, or 3)

nx_, ny_, nz_: The number of grid points (minus one) in each dimension (nx,ny,nz should be a power of
two or a product of small primes for efficiency).

Author: WDH

6.3 fourierLaplacian

void

fourierLaplacian(const RealDistributedArray & uHat,
RealDistributedArray & uLaplacianHat,
const int & power =1,
const Range & Components0O =nullRange)

Description: Apply the Laplacian operator (or powers of the Laplacian operator) in fourier space. The
power can be positive or negative.

uHat (input) : the fourier transform
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uLaplacianHat (output) : uHat multiplied by ”[— (k2 + k; + kZ)]P°**”. Note that the mean (i.e. the
constant mode) is set to zero in all cases.

power (input): The power of the operator to apply.
Components0 (input) : optional components to operate on (default is all components)

Author: WDH

6.4 fourierDerivative

void

fourierDerivative(const RealDistributedArray & uHat,
RealDistributedArray & uHatDerivative,
const int & xDerivative =1,
const int & yDerivative =0,
const int & zDerivative =0,
const Range & ComponentsO =nullRange)

Description: Compute a derivative in Fourier space. The order of the derivative can be be positive or
negative.

uHat (input) : the fourier transform

uHatDerivative (output) : The derivative in fourier space.

xDerivative (input): The order of the x-derivative

yDerivative (input): The order of the y-derivative

zDerivative (input): The order of the z-derivative

Components0 (input) : optional components to operate on (default is all components)

Author: WDH

6.5 fourierToReal

void

fourierToReal(const RealDistributedArray & uHat,
RealDistributedArray & u,
const Range & ComponentsO =nullRange)

Description: Perform a transform from fourier space to real space (backward transform)
uHat (input) : the fourier transform

u (output) : The array to be assigned the backward fourier transform.

Components0 (input) : optional components to operate on (default is all components)

Author: WDH
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6.6 realToFourier

void

realToFourier(const RealDistributedArray & u,
RealDistributedArray & uHat,
const Range & ComponentsO =nullRange)

Description: Real space to fourier space (forward transform)

u (input) : The array to fourier transform.

uHat (output) : the fourier transform

Components0 (input) : optional components to operate on (default is all components)

Author: WDH

6.7 setDefaultRanges

void

setDefaultRanges(const Range & R1_,
const Range & R2_ =nullRange,
const Range & R3_ =nullRange)

Description: Change the Ranges over which the transforms are performed. This may also change the
number of points. The operations will then be applied to u(R1_,R2_R3_C)

R1_,R2_R3_: new ranges

6.8 setDimensions

void

setDimensions(const int & numberOfDimensions_,
const int & nx_,
constint & ny_ =1,
constint & nz_=1)

Description: Define the number of space dimensions and the number of grid points.
numberOfDimensions_: The number of space dimensions (1,2, or 3)

nx_, ny_, nz_: The number of grid points (minus one) in each dimension (nx,ny,nz should be a power of
two or a product of small primes for efficiency).

Author: WDH
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6.9 setPeriod

void

setPeriod(const real & xPeriod._,
const real & yPeriod_ = twoPi,
const real & zPeriod_ = twoPi)

Description: Set the period, default is 2*pi.
xPeriod_, yPeriod_, zPeriod_ (input) : The length of the periodic interval in each direction

Author: WDH

6.10 transform

void

transform(const int & forwardOrBackward,
const RealDistributedArray & u,
RealDistributedArray & uHat,
const Range & Components0 )

Description: Perform a forward or backward fourier transform.  (This routine is called by
real ToFouri er andfourier ToReal .

forwardOrBackward (input): O=forward, 1=backward

u (input) : The array to fourier transform.

uHat (output) : the fourier transform

Components0 (input) : optional components to operate on (default is all components)

Author: WDH

6.11 Examples

6.11.1 Example using A++ arrays

Here is an example code demonstrating the use of this class with A++ arrays (file
Overturel/ exanpl esps. O

#include "FourierOperators.h"

//=== ===
// Test out the FourierOperators Class

/ /=== ===

// define a function and derivatives
#define U(X,Yy) sin(px*x)*cos(py*y)

OCO~NOOITAWNPE

#define UX(X,y) px*cos(px*x)*cos(py*y)

10 #define UY(X,y) -py*sin(px*x)*sin(py*y)

11 #define U_LAPLACIAN(X,Y) -(px*px+py*py)*sin(px*x)*cos(py*y)

12 #define U_INVERSE LAPLACIAN(X,Y) sin(px*x)*cos(py*y)*(-1./(px*px+py*py))
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#define X(i) xPeriod*i/nx
#define Y(J) yPeriod*j/ny

int
main(int argc, char *argv[])

{

Overture::start(argc,argv); // initialize Overture

int nd=8,nx=8,ny=8;

realArray u(nd,nd),uHat(nd,nd),u2(nd,nd),uHatX(nd,nd),ux(nd,nd);
realArray x(nd,nd),y(nd,nd);

Range R1(0,nx-1),R2(0,ny-1);

// x 1s periodic with period xPeriod, y is periodic with period yPeriod
real xPeriod=1., yPeriod=2., px=twoPi/xPeriod, py=twoPi/yPeriod;
// assign values to x,y, and u
int i,j;
for( j=0; j<ny; j++ )

for( 1=0; i<nx; i++ )

{

x(¥,3)=X(1);

) y(1.1)=YAQ);

u(R1,R2)=U(x(R1,R2),y(R1,R2));

int numberOfDimensions=2;
FourierOperators fourier(numberOfDimensions,nx,ny);
fourier.setPeriod(xPeriod,yPeriod);

u.display(‘'Here is u');
fourier.realToFourier( u,uHat );
uHat.display(*"Here is uHat™);
fourier.fourierToReal ( uHat,u2 );

real maxError=max(fabs(u2-U(x,y))):;
cout << “Maximum error in F -1(Fu) = " << maxError << endl;
// u2.display("'Here is F -1(Fu back again ");

fourier.fourierDerivative(uHat,uHatX,1); // x derivative
// wHatX_display(''Here is wHatX'™);

fourier._fourierToReal ( uHatX,ux );
maxError=max(fabs(ux-UX(x,y)));

cout << "Maximum error in u.x = " << maxError << endl;

fourier.fourierDerivative(uHat,uHatX,0,1); // y derivative
fourier._fourierToReal ( uHatX,ux );
maxError=max(fabs(ux-UY(X,y))):;

cout << "Maximum error in u.y = " << maxError << endl;

fourier.fourierLaplacian(uHat,uHatX,1); // xx+yy derivative
fourier._fourierToReal ( uHatX,ux );
maxError=max(fabs(ux-U_LAPLACIAN(X,Y¥))):

cout << “Maximum error in u.xx+u.yy = " << maxError << endl;

fourier.fourierLaplacian(uHat,uHatX,-1); // (xx+yy)~-1 operator
fourier._fourierToReal ( uHatX,ux );
maxError=max(fabs(ux-U_INVERSE_LAPLACIAN(X,Y)));
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71 cout << "Maximum error in inverse laplacian = " << maxError << endl;
72

73 Overture: :finish();

74 return O;

7}

6.11.2 Example using mappedGridFunctions and MappedGridOperators

Here is an example code demonstrating the use of the MappedGridOperators to compute pseudo-spectral
derivatives. The MappedG i dOper at or s contain a pointer to a Four i er Oper at or s object which
can be obtained with the get Fouri er Oper at or s() member function. You may want to access
this pointer in order to write more efficient code or to access the extra functionality that is found in the

Fouri er Oper at or s class.
(file Over t ur e/ exanpl est est Spectral . C

1 #include "Overture.h"

2 #include "OGTrigFunction.h'" // Trigonometric function

3 #include ""MappedGridOperators.h"

4  #include "LineMapping.h"

5 #include "Square.h"

6 #include "BoxMapping.h"

7 #include "NameList.h"

8 #include "FourierOperators.h"

9

10 //=== ===
11 // Test out the MappedGridOperators pseudo-spectral derivatives

12 / /=== ===
13 int

14 main(int argc, char *argv[])

15 {

16 Overture::start(argc,argv); // initialize Overture

17

18 int debug=0, numberOfDimensions=2;

19

20 int nx[3] = { 8,8,1}; // number of grid points (minus 1) in each direction

21 // frequencies for exact solution, cos(fx[0]*pi*x)*cos(Fx[1]*pi*y)*cos(Fx[2]*pi*z)
22 int fx[3] = { 2,2,0 };
23 real period[3] = {1.,1.,1.};

25 NameList nl; // The NameList object allows one to read in values by name
26 astring name(80),answer(80);
27 printf(

28 " Parameters for Example 3: \n"

29 B e e \n"

30 " name type default \n"

31 "numberOfDimensions (nd=) (assign first) (int) %i \n"'

32 'nx,ny,Nx (int) %I %1 %i \n"

33 "fx,fy,fz (Fx*xPeriod=even) (nt) %I %1 %i \n"'
34 "xPeriod,yPeriod,zPeriod (real) %e %e %e \n",
35 numberOfDimensions,nx[0],nx[1],nx[2],fx[0],x[1], Fx[2],period[0],period[1l],period[2])
36

37 // ==========| oop for changing parameters==

38 for( ;; )

39 {

40 cout << "Enter changes to variables, exit to continue” << endl;

41 cin >> answer;
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if( answer==""exit" ) break;

nl._getvVariableName( answer, name ); // parse the answer
if( name== "numberOfDimensions'” || name=="nd" )

{

numberOfDimensions=nl.intValue(answer);
if( numberOfDimensions==1 )

{
nx[1]=nx[2]=1; ¥Fx[1]1=Fx[2]=0;
else if( numberOfDimensions==2 )
{
nx[1]=8, nx[2]=1; fx[1]=2, fx[2]=0;
}
else
{
nx[1]=8, nx[2]=8; fx[1]=2, tx[2]=2;
}
}
else if( name== ""nx"
nx[0]=nl_realValue(answer);
else i1f( name== "ny" )
nx[1]=nl.realValue(answer);
else if( name== "nz" )
nx[2]=nl.realValue(answer);
else if( name== "fx" )

x[0]=nl.realValue(answer);
else if( name== "fy" )
x[1]=nl.realValue(answer);
else if( name== "fz" )
x[2]=nl_.realValue(answer);
else if( name== "xPeriod" )
period[0]=nl.realValue(answer);
else if( name== "yPeriod" )
period[1]=nl.realValue(answer);
else if( name== "zPeriod" )
period[2]=nl_realValue(answer);
else
cout << "unknown response: [ << name << "]" << endl;

}

LineMapping line;
SquareMapping square(0.,period[0],0.,period[1]); // Make a mapping, unit
BoxMapping box(0.,period[0],0.,period[1],0.,period[2]);;
// choose a line, square or box depending on the number of dimensions
Mapping & map = numberOfDimensions==1 ? (Mapping&)line :
( numberOfDimensions==2 ? (Mapping&)square : (Mapping&)box );

for( int axis=0; axis<numberOfDimensions; axis++ )
{
map -setGridDimensions(axis,nx[axis]+1); // number of grid points
map.setlsPeriodic(axis,Mapping: :functionPeriodic);
}
MappedGrid mg(map); // MappedGrid for a square
mg.update();

Range all;
realMappedGridFunction u(mg);
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99

100 MappedGridOperators op(mg); // define some differential operators
101 u.setOperators(op); // Tell u which operators to use

102 // ---- compute all derivatives with the pseudo-spectral method ----

103 u.getOperators()->setOrderOfAccuracy(MappedGridOperators: :spectral);

104

105 OGTrigFunction true(fx[0],fx[1],.fx[2]); // create an exact solution (Twilight-Zone solut
106

107 real error;

108 int n=0; // only test first component

109

110 Index 11,12,13,N;

111 getindex(mg.dimension(),11,12,13); // assign 11,12,13, all grid points includ
112 u(l11,12,13)=true(mg,11,12,13,n,0.); // assign true solution
113

114 error = max(fabs(u.xQ(1,12,13)-true.x(mg,11,12,13,n)));

115 cout << "u.x : Maximum error (spectral) = " << error << endl;

116 if( debug & 4 )

117 {

118 fabs(C u.xQU1,12,13)-true.x(mg,11,12,13,n)) .display("Error in u.x");
119 true.x(mg,11,12,13,n) .display("" true u.x");

120 u.xQ1,12,13).display(*'computed u.x");

121 true(mg,11,12,13,n).display(" true u');

122 u(11,12,13) .display('discrete u');

123 }

124

125 error = max(fabs(u.yQ({1,12,13)-true.y(mg,11,12,13,n)));

126 cout << "u.y : Maximum error (spectral) = " << error << endl;

127 if( debug & 4 )

128 {

129 fabs(u.yQ(1,12,13)-true.y(mg,11,12,13,n)) .display("Error in u.y");
130 u.yQ1,12,13) . display('u.y');

131 true.y(mg,11,12,13,n) .display(""true.y"");

132 }

133

134 error = max(fabs(u.xxQ(1,12,13)-true.xx(mg,11,12,13,n)));

135 cout << "u.xx : Maximum error (spectral) = " << error << endl;

136

137 error = max(fabs(u.xyQ(11,12,13)-true.xy(mg,11,12,13,n)));

138 cout << "u.xy : Maximum error (spectral) = " << error << endl;

139

140 error = max(fabs(u.yyQ{1,12,13)-true.yy(mg,11,12,13,n)));

141 cout << "u.yy : Maximum error (spectral) = " << error << endl;

142

143 error = max(fabs(u.laplacianQQ(11,12,13)-(true.xx(mg,11,12,13,n)+true.yy(mg,11,12,13,n)
144 +true.zz(mg,11,12,13,n))));
145 cout << "u.laplacian : Maximum error (spectral) = " << error << endl;
146

147 error = max(fabs(u.zQ(1,12,13)-true.z(mg,11,12,13,n)));

148 cout << "u.z : Maximum error (spectral) = " << error << endl;

149

150 error = max(fabs(u.xzQ(11,12,13)-true.xz(mg,11,12,13,n)));

151 cout << "u.xz : Maximum error (spectral) = " << error << endl;

152

153 error = max(fabs(u.yzQ(11,12,13)-true.yz(mg,11,12,13,n)));

154 cout << "u.yz : Maximum error (spectral) = " << error << endl;

155
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error = max(fabs(u.zzQ(11,12,13)-true.zz(mg,11,12,13,n)));
cout << "u.zz : Maximum error (spectral) = " << error << endl;
// AEAAAXAAAAAAAAAXAAAAAXAXAAAXAAXAAAXAAAAAAXAAAAAAXAAAXAAAXAAXAXAAXAXAAXAXAAXAXAAXAAAXAXAAXAAAXAAA XXX A AAAAXK
// Now get the FourierOperators (this must be done only after at least one
// derivative has been computed)
// AEAIAAIAAIAAAXAAXAAXAAXAAXAAAIAAAAAAAXAAXAAAXAAXAAXAAAAAAAAAAAAAAAAAAkAAxAXxAhAAhkhAhkhhkhhkhkkhkhkhhihihiixikx
FourierOperators & fourier = *op.getFourierOperators();
// compute the transform directly
realMappedGridFunction uHat(mg);
fourier.realToFourier( u,uHat );
uHat.display(‘'Here is uHat");
Overture::finish();
cout << "Program Terminated Normally! \n';
return O;
}
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